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ABSTRACT * . k „ ' ; 

This doqument consists of eleven bulletins wj^ich 
pre senlt answers to questions about research on the teaching and 
content of elementary school mat^amatids, K-8. The bulletins kre 
revisions of a set originally. published in 1|70 and revised in 1975. 
Specif ic .research findings on eleven* to&jyes are cited with selected . 
references. Titles are: (1) Attitudes amTArixiety; (2) Organising the 
School Program for Instruction; <%) promoting Effective Learning; (4) 
Differentiating' Instruction; (5) Instructional Materials and Media; 
(6) Addition and Subtraction with Whole Numbers; (7) Multiplication 
and Division with Whole Numbers; (8) Rational, Numbers: Fractions , and 
Decimals; (9) Measurement, Geometry, and Other Topics; (10) Ver\bal 
Problem ^Solving; and (11) Planning for Research in Schools. .The\ 
material is iridexed by the questions answered in the bulletins as an 
aid toi reference. (MP) * % * * %/ , ' V ' 
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Using Research : x 
A Key to Elementary School Mathematics 
1981 Revision 

♦ 

This booklet consist% of ^ eleven bulletins ^hich present answers to some 

questions about research on the teaching and content of elementary-school 

f 

mathematics (including, ' in this^case, kindergarten through grade §). These 
aj:e^revis£ons of the bulletins which were originally prepared in 1970 as one 
facet of the "Interpretative Study of Research and Development in Elementary 

• ' • i ' v * " \ 

School^Mat hematics" and revised in 1975 . • The questions are derived from 
ones , frequently asked by teachers about the teaching and learning of mathe- 
matics. The bulletins are organized by topic, and specific research findings 
are citfed, with lists of the selected references included for those who wish 
to explore a topic further. The intent is to provide^ a concise summary of 
specific findings which may be applicable in a olassroom. 

In l98oFt^e National Council of Teachers of Mathematics issued An * 
Agetlda for Action: Recommendations for School ^athematics of - the 1980s^ At ' * 
various points among the recommendations are references t'o research that is 
needed. What we already have learned from research is reflected in another 

way: ■ in many cases, they formed a basis fdr a specific recommendation. 

r * 
These bulletins may help to clarify some quest ions* you have about that foun- 
dation, and ab^ut the status Qf research on myriad* other points. 



1 t * 
The original study was funded by th6 Research Utilization Branch, Bureau 

of Research, U.S. Office oflEducation (Grant tio. 0EG T 0-9-480586- 1352-010) , 

and was conducted .at The Pennsylvania State University. The revision was 

funcied by the EklC Clearinghouse for Science, Mathematics and Environmental 

Education at The Ohio .State University, under a contract from the National 

Institute of' Education. 

For £ set of bulletins which expand on specific idears and activities sug- 
gested by research, see Driscoll, Mark J. Research Within Re^ch: Elemen- 
tary. School Mathematics . St;. Louis, Missouri: CEMREL, Inc., 1980. 
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The first' five bulletins consider researph -findings which may apply 
across various age levels. The first bulletin involves the affective fac- 
tors of "Attitudes ar^l Anxiety". The 'second bulletin, "Organizing the v 
School Program f or Instruction" , cites research findings on ways of organiz- 
^ ing the school and the curriculum; while the third, "Promoting Effective 
^ Learning", pertains to facets of" learning which the teacher may directly 
control. "Differentiating Instruction" is the focus of the fourth bulletin, 
K while some research on "Instructional Materials and Media" , is included /n 
the* .fifth. 1 

v Bulletins 6 through 10 cite research findings on the content of 
elementary-school mathematics: ^Addition and Subtraction with Whole Numbers' 

4 ' 

"Multiplication and Division ^ith Whole Numbers", "Rational* Numbers: Frac- 
tions, "and Decimals", "Measurement, Geometry, and Other Topics," and "Verbal * 
; Problem, Solving". The final bulletin, "Planning for Research in Schools"*, 
^£s designed tp aid those teachers who w&nt to become* involved in doing 
research in their own Schools. It can also aid readers of research reports, 

,» * 

r as it indicates .important factors to consider. 

Following the last bulletin is* ari index of the questions posed in each 
bulletin, to aid in locating results of most interest. _ 

In "this revision,' some secbdons from previous versions of the bulletins 
have been* rewritten to reflect recent findings and other sections have 6e€in 
added to reflect recent concerns. Some questions have been reworded, some 
bulletins have been resequenced, and some, topics have been delated. There 

is still son^e research from past decades cited, for it Is important to rec- 

- * % m ' 

ognize the contribution that such research, has made to our present state of 
knowledge about* tjie ^teaching and learning of mathematics. That more of 'the 
studies from previous versions have notr been, included is largely a v f unction 

S 



of space: their findings may still be of interest. 

• As with previous versions, studies have been selected by taking into * 
consideration the quality of t'h^ research. Care was taken that the selec- 
tion process would not distort what research may h&ve to say about a par- 
ticular question. In most .cases, however, there are moire findings from a 
study than are reported in these bulletins, as well as other ' studies which 
could have been cited to affirm a point. It must also be recognized that" 
there are times when a point has been generalized, ana occasionally edito- 
rial comments have tfeeir made, especially when no research evidence is avail- 
able, pr to make a particular point-. 



Any of the materials may be reproduced to meet your local instructional 



needs. 



, r 



Readers wishing to check the previous versions of this publication will 
, find them in EfelC/ Ttle i'970 bulletins are separately listed in the 
August and September editions of Resources iri Education ; the 1975 version 
v *is listed as ERIC Document No. 'ED 120 013. 
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ATTITUDES AND -ANXIETY 



Attitudes are affective concerns, having to do with feelings. Increasingly, 
attitudes have come to be recognized as m]L*lti-dimensional r having a Variety 
of aspects or* facets. These range from awareness of the structural beauty 
of mathematics and of the usefulness of mathematics , t to feelings about the 
difficulty and challenge of learning mathematics, tointerest in a particu- 
lar type of mathematics, or particular methods of being* taught mathematics. 
Attitudes* are believed to exert a dynamic, directive influence on an indi- 
vidual's responses; t|j^s, they may be related to the teaching and learning 
„ of - mathematics. 

* In recent years, concern has accelerated -about what has been termed mathe- 
matics ahxiety — that is, fears related to doing mathematics. The effect 
of "such anxiety has also been studied in tetms of its. effect on teaching 
' and learning ^ - 

Attitudes and anxiety frequently have beeh investigated by the use of scales 
on which one indicates the degree of .agreement or disagreement with state- 
ments about mathematics or mathematics-related activities. Occasionally, 
. *rar£ous school subjects have been ranked by order of preference, or likes and 
dislikes have been indicated. Each method relies on- the sincerity of the 
individual in expressing true feelings. Clearly, it is difficult to meas- ; 
„ ure affective factors and* to assess changes in affective developmejjt,. 



How do 
" elementary 
school pupi 
4 -feel about 
mathematics? 



It is widely believed that most children/ at all age levels, 
dislike mathematics. The evidence does nek support thjbs * • 
belief; many children do like mathematics. Generally in 
fact\ attitudes toward mathematics tend to be more posi,- - 
tive than negative in the elementary schooL. 

In -studies -conducted in the '1960s, approximately 20% of^ 
the pupils surveyed^rated mathematics as *the least-liked 
vpf their school subjects — and about the same proportion 
edited mathematics .as the best-liked subject (e.g., Cur^y, 
1963;^Greenblatt, 1 4 962; Inskeep and Rowland, 1965). Data 
from Ertte^t (1976) correspond * closely . In a study in 
which studenjts in grades 2 through 12 were askeci to rank 
foul? subjects^fie found that mathematics was liked best 
by 30% of the boyfesTand £9% of the girjLs. It was liked 
least by 27% of the boys and 29% of *the\girls. 



I KJC '• 
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Other studied indicated that attitudes were even more 
favorable. Levine (1972) found that pupils in grades 3, 
4, and 6 ranked mathematics highest with respect to impor-^ 
tance and enjoyment; it was thought to be the best subject 
and'the subject the teacher taught best. 'About half of 
the students in grades 6 and 7. surveyed by Johnson (1977) 
reported favorable attitudes toward mathematics, while 
only 11% reported negative attitudes. Callahan (1971) re- 
ported that 62% of 'the eighth-grade students ,he sur^yed 
said they lilced mathematics, while only 20% expressed a 

dislike for it. -" 

• * * ** 

Data from the "1977-78 mathematics assessment of the 
National Assessment of Educational Progress (Carpenter et 
al., 1980) also showed that, for students at age 9, "math- 
ematics did not necessarily evoke strong negative feelings. 
In fact, mathematics wasT.iked and enjoyed by a majority 
of respondents" (p. 34). Physical education was liked 
best, while mathematics was next best liked — by ,65% at 
age 9 and 69% at age 13. It was perceived as- "easy"- by . 
42%*at age 9 and 56% at age 13, with almost equal percen- , 
, tages rating it "in between". Students generally indicated 
they liked mathematics activities, and most 'said they 
wanted to do well in -mathematics and were willing to. work 
hard enough to achieve their goal, 

Moit oftfce 15 topics presented by Corbitt '(1980) were 
rdted as important or very important by a large majority 
of the eighth graders queried ," although fewer topics were 
rated as liked or liked a lot by a majority. Kish (1980) 
similatdy found that students in grades 7 and 8 thought 
that Mathematics was useful and worthwhile, and expressed 
little fear of mathematics. 

Despite such accrued evidence,- one can still find state- 
ments such as that by Yamamoto et al. ,(1969): "Rather to 
our surprise, mathematics fared quite well in students' 
ratings" (p. 204). .('Note the first four words.) 

Only, Peck (1977), using data from over 13*000 pupils in 
grades I through 8, found that mathematics was consis- 
tently ranked lower than reading/language, science or 

yiocial studies. Using the same dapa, Hogan (1977) ex- 
panded on the. rilat hematics findings. The average "liking" 

' figifre for all itSms was 58%, indicating a generally fa- 
vox&irble altitude toward mathematics in the. lower grades. 
In the upper grades',* slightly under 40% liked mathematics, 
but average responses' were on the liking side. Consider- 
able variation was found in reactions to particular top- 
ics; thus, the students were favorable toward domputation- 
rela^ed items "at the intermediate level and toward ^ 
measurement-related itema at the primary level, but 

*xende<l\to dislike geometry-related ^i terns . . 
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Generally, attitude^ toward mathematics tend to become 
* increasingly less positive as students progress through 
school. This decline may begin as early «as grade 4 (Beck, 
1977). Roland (1979), hbwever, indicated that thefce was 
a trend for scpres to be higher •as grade level increased 
from grades 2 to 6. Most researchers havfe concluded- that 
attitude remains high until grade 6 (e<g., Evans, 1(971; 
Malcolm 1971; Muzeroll, 1976). Thus, TCrosswhite (1972) 
reported' that student attitude toward mathematics seemed 
to "peak 11 near the beginning of junior high school. Meece 
(1981), in a study with students in grades 5-10, found 
that as students advanced in grade level, they rated tffefF 
mathematical abilities 1 and performances as lower and 
viewed mathematics as more^ difficult and as less useful 
and valuable, r 



Do boys and In studies conducted 20 or more years ago, boys .seemed to 

girls differ in prefer mathematics slightly more than did girls, especially 
their a'ttitudes in the upper elementary grades (e.g., Chase and Wilson*, 
toward 1958; Dutton, 1956; Stright, I960)'. Research evidence 

mathematics? from recent; years indicates that there are few differences 

1 in the attitudes toward mathematics of girls and^ boys in; 
the elementary school. (In the high school years, how- - 
-ever, it has been found that the attitudes of girls in- 
creasingly become less^positive. ) 

In a study with 1 320 students in grades 6 to 8, Fennema 
and Sherman (19 % 78) found sex-related differences f or , only 
two of eight affective variables, iSoys were significantly 
more -confident: of their ability to learn mathematics than 
.were giVls, and boys stereotyped mathematics a$ a male do- 
main at higher levels than did girls, ^o differences 
were found on scales assessing attitudes toward success 
* in .mathematics; perceived attitudes of mother, father, and 
teacher toward one as a Learner of mathematics; effectance 
motivation in mathematics; or the usefulness of mathe- 
matics. Similarly, Nelson (1979) found sex difference? 
in favor of boys on only three of nine attitude scales 
used with fifth-grade Afro-American students, and 
% • Yamamoto et al. (1969) Sound sex differences on some but 
not"~all aspects of attitude in grades 6 through 9. 

* Oti the 1977-78 Hs^sL onal Assessment (Carpenter et al., 
1980), students 1 perceptiohs of mathematics as a male do- 
main or female doma^p wer6' assessed. Two thirds of boys" 
and of girls at? age 9 disagreed that "mathematics is more 
for boys tha!n for girls 11 or that "mathematics is more for 
girls than fpr boys." At age 13, over 80% ,of the boys - 
and over/ 90% of the girls disagreed with each statement. 
/ 

Purdy (1976) found that attitudes toward the value of 
1 - mathematics were related to sixth graders 1 views on mas- 
culinity and feminity. By grade 8, social desirability 
played a strong role in influencing students 1 attitudes — 

/ "lo . 

. / ■ ' • • 



that is, those) who valued mathematics did so partly in 
.order to achieve the approval of others. Boys had posi- 
tive' attitudes toward the value of • mathematics, while 
girls had mote positive attitudes toward the*enjoyment of 
mathematics* , 

.For students in grades 2 through 12, Ernest (1976)- found 
that mathematics was the only subject in which no v sex dif- 
ference in preferences was observed., 

Looking only at negative attitdcles, Fluellep (1975) found 
no factors that contributed mote to the development of 
negative attitudes toward mathematics of boys than of 
girls, although a few factors were identified that may 
havfe" contributed either to boys 1 ov+ to gir,ls* negative 
attitudes in grade 6. ^ * 

Beck (1977) is one of the few researchers who 'found that 
girls were significantly more positive toward mathematics 
than wer6 boys in the primary grades. In the intermedi- 
ate grades, however, differences were not significant. 



Is a more 
favorable ■ 
attitude related 
to higher 
achievement? ~ 



Most people believe that the affective component of learn- 
ing is important: if children are^hterested iri and en- 
joy mathematics, they will learrl it better. However, 
tfiere is no consistent body of -research evidence to sup- 
port the popular belief that tt^ere is a significant posi- 
tive relationship between pupil attitudes toward Mathe- 
matics and pupil achievement in mathematics. 

• <■ 

When- significant correlations are found between attitude 
and achievement, they generally range between .20 and .40; 
that is, no more than 4% to 16% of the variance is ac- 
counted for. There is, however, a rough balance between 

* studies in which no significant differences are reported 
ahd those in which any significant correlation was foiirid. 
Thus, no significant relationship between attitudes to- 
ward mathematics and achievement^ in mathematics was found 
iri-about half the studies (e.g., Abrego, 1966; Carey, 

• ^197&; Deighan, 1971; Johnson, 1977; Keane, 1969), while 

low positive Correlations wejfe reported by the other half 
(e.g., Antpnnen, 1968; 'Beck, 1977; Burbank, 1970; Caezza, 

•1970; Quinn, 1978). Mastantuono (1971) analyzed data 
from four attitude scales and~fbund that a significant 
correlation v?ith achievement was obtained for only two of 
the four, thus* indicating that the findings may be* related 

- to the type of measure used. * % 

Whether, boys and girls differ on thfs factor was consid-^ 
e^ed by many of the researchers . ^Greenblatt (1962) re- 
ported a significant relationship between relative pfrefer- 
*ence for mathematics 'and' mathematical achievement level 
on the patt of girls in grades 3 through 5, but no such 
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significant relationship existed for boys. At the sixth- 
£rade -level, Neale et al. (1970)^ found attitudes and • 
N achievement to be\ significantly correlated for boys but 
not for girls, while . Beattie et al: (1973) found- differ- , 
ences in the relationship of attitude to achievement for 
bays and for -girls in grade 4. However, in ottier studies, . 
no significant differences between girls and boys wer-e 
found (e.g., Abrego, 1966; Francies, 1971^. 

What is the Teachers are often vidwed as being prime determiners of a^ 

relationship of ' student's attitude and performance. There is some evi- ^ 
teacher dence to support this. Smith (1974), for instance, re- 

attitudes to ported that students' perceptions of peachers were signify 

pupil icantly correlated with mathematical growth in grades 4 W 

attitudes? through 6, and French (1979) reaffirmed this with students 

in grade 7 and higher. Rosenbloom et al. (1966) found 
that teaching effectiveness contributed sigaif icantly to 
the attitude and perceptions of jpji£j.ls concerning their 
% .teachers and the methods they used,, th^' school, text ma- 

teAals, and the class as a group: m j- 

• i. 

However, Kester ■ (1969) found that seventh graders' atti- 
> tudes were not signif idantly affected by teacher expecta- 

tions. Perhaps that is good, considering that Ernest 
(1976) found 1 that, of a small sample of "teachers (24 women 
and 3 men), 41% felt .that- boys did better 'in mathematics, • 
while Sio one felt that §irls did* better. 

As AiHwT7l976) stated, "The belief that teachers' atti- 
' * » tudes affect students' attitudes toward mathematics has 

not been as easy to confirm as might be supposed" (p. 299). 
Some studies-have shown a strong agreement between teacher 
ar^d pupil attitudes; thus, Chase. and Wilson (1958) Re- 
ported that when 'teachers preferred Mathematics, a major- 
r ity of their pupils preferred it. However, many research- 
ers have found only small or nonsignificant correlations 
* , between teacher attitudes and pupil attitudes or achieve-* 

ment (e.g. , *Caezza, 1970; D^ighan, 197T; Keane, 1969; 
Van de/Walle, T973; Wes/, 1970)S and some have found, no 
■ relationship (e.g., Purdy, 1976). 

Phillips (4970) reported evidence that the effect of 
teachers' attitudes may be cumulative. 1 At the seventhr * 
grade level,, .he found a significant relation .between atti- 
tudes of students and the attitudes pf t^eir" teachers in 
the sixth grade. He also observed that ^the type of teacher 
attitude encountered by students for two and for three of , <t 
their past three years was related significantly to their \ 
present attitude and achievement. However, Blevins (1979-) 
I - found no significant relationship between student atti- 

' tudes and the attitudes of their former teachers. — . 



It is also believed that parents determine the child's 
initial attitudes and affect their child's achievement. 
Pof fenberger and Norton (1959) stated that attitude 'to- 
ward mathematics is a cumulative phenom^noif caused by one 
experience building on another.^. Attitudes are developed 
in the o ijome and carried to the school; self-concepts in, 
^regard to mathematical ability are well-established in f , 
the early school years,- and it is difficult for even the 
best teacher to change them. Parents influence the child 
by their expectancy level, by their degree of encourage-* 
. ment, and by their pwri* attitudes toward mathematics.* 

Significant relationships between' students' attitudes to- 
ward mathematics and parents' attitudes have .been found 
% (e.g., Blevins, 1979; .Burbank, '1970; Straman, 1979)., 
Kahl (1979) found that' active encouragement by parents 
had more effect than passive role modeling.* 

Some studies have shown that the attitudes^ of children 
tend to be more closely related to the attitudes af " ■* 
mothers than to those of fathers (Burbank, 1970; Hill* 
1967; Levine, 1972). Ernest (1976) reported that mothers 
help children in mathematics more than fathers do in the 
elementary grades, but* beginning with grade 6 the fathers 
help more. 



What is the - 
relationship of 
self-concept 
a^d '* 
achievement? 



How children feel about, themselves and their concept of 
themselves while doing mathematics are important compo- 
nent's of the affective domain. ~ Se3ff-concept can influ- 
ence what children expect of themselves, and thus would 

seem to have a bearing on what they can achieve. 

■ * • 

» • 

In *some studies with students in grades 4, 5, and 6, low 
positive correlations have Been found between self-concept 
and mathematics achievement (e.g., Gaskill, 1979; <3raham, 
1975; Koch, 1972; Moore, 1972). Rubin (1978) found that 
Self-esteem was more highly correlated with achievement 
as children grew old^r (from 9 to 15jP. - •: 

Jn at least one study, a significant effec£ was found be- 
tween self-esteem and achievement, for girls but not for 
boys in grades. 5 and 6 (Primavera et al., 1974) .« It was } 
suggested that the school plays" a greater role in the af«~ 
fectlve development of a girl's s/elf-esteem because it is 
a major source of approval and fnraise for her, whereas • 
boys can seek approval through athletics and other activi- 
ties. " * 

/ • •* * 

In a sttidy wlfch fourth graders; Messer (1972) found that 
children who perceived their academic performance as cofir 
tingent on their own effort and abilities had higher 
grades and achievement test scores than children who 
viewed their school performance as due. to* luck or the/ 
whims of others'. 



In other studies, , no significant relationship was found 
between self-concept and mathematics Achievement, even 
though a treatment to^increase, self-concept was Cried in 
some of them (e.g. / Devane, 1973; Hunter,, 1974; Zander, 
1973). " • ' • 1 



Isi anxiety Is anxiety" helpful in learning mathematics? In general, 

related to research has shown that some anxiety facilitates achieve- 

mathematics ment, but a high level of anxiety dfcn be debilitating and 

achievement? negatively affect achievement. Thus, low achievement in* 

- mathematics has been associated with high anxiety; further- 
, more; low anxiety has been correlated with a high degree 

- of confidence. , 

Most of the research to date on mathematics anxiety has 
been 'focused at the secondary and college levels. At the 
elementary school level, a few studies have considered 
test anxiety. Forhetz (1971) found that pupils in 'grades 
4 and 6 who ranked mathematics as difficult showed more 
test anxiety tJefore a mathematics test than before a test 
in eafey-ranked spelling,. ^Joijsson (1966) f<^nd a signifi- 
cant interaction between level of test anxiety^ of sixth- 
grade girls and version of mathematics test (easy versus 
difficult). The high-anxious students ^ho to(|]k the dif- 
ficult version had the poorest perfonrfance. 

» 

In another study with sixth graders, Logiudice (197^)) re- 
^ " . ported that test anxiety and self-esteem were .related; 

when self-esteem was satisfactory, students were more 
likely to score higher on mathematics tests. For students 
in grade 8, Degnan (1967) founfi that a^roup of achievers 
was more anxious 'than a group^of underachievers. The 
♦ achievers also had a much more positive attitude and 
ranked mathematics significantly higher. s 



What affects € . s Attitudes' toward mathematics, are probably formed and mod- 
the development ified by many forces. The influence of other people could 
of attitudes? " be named as one source: parents and other non-school- 
• related adults, clas^aates -and other children, and 

teachers in each of the grades. From a review of 124 dis- 
sertations, McMillan (1976) concluded that teacher atti- 
tudes and enthusiasm toward the subject and student- * 
r related variables su'ch as previous attitudes, parents, . 

and self-concept may have a greater impact on attitude 
formation than do instructional variables. °> 

[ Tfre way i^uwhich the teacJher teaches nevertheless seems 



to be of importance — the methods and materials he or 
she uses, as well as his or her manner, probably affect 
pupils 1 attitudes. Teacher enthusiasm and attitude toward 
mathematics may be the most important factors affecting 
attitude formation* 



•The subject itself undoubtedly; hasp*an influence on a 
child's attitude: the prdcisidn 4 of mathematics when com- 
pared with many pther subjects; the need for thorough 
learning of facts and algorithms; the "building block'v 
characteristic wt^re^in many topics are, built and often 
dependent on previous knowledge. Indeed, mathematics has , 
traditionally 'Ween considered difficult, and its- use as a 
means of disciplining the mental faculties is still touted 
by some persons and underlies the reasons many give for 
including mathematics in the school curriculum. 

The. learning style *of the child is also an important * f ac- 
tor to consider^. The orderliness which discourages^ome. * 
;ife the very aspect \thich attracts ojthers. Furtfyerra6re, 
Futterman (1981) fqund that; ability has £ causal: role in 
the attifudinal gropes^, directly affect ing" self-^concept * 
of, ability , and the value of mathematics to the individual. 

For some children the practical value and usefulness of 
mathematics in out-of-class situations contribute to the 
- development of more positive attitudes toward mathematics,. 
Based on a survey of more than I 000 pupils, St^right ' 
(1960) reported* that 95% felt that mathematics would help 
them in theit daily lives, while 86% classified mathe- 
matics .as the most .useful subject. Callahan (1971) re- 
ported that . eighth-grade students gave the need for, math- 
ematics in life most frequently as the reason for liking , 
it; not being good, in mathematics was cited most, often as 
the reason for disliking it. ^ . 



How can v Among" the -reasons fthich children frequently give for dis- 

attitudes be liking mathematics are lack of understanding, hi^h- level , 

improved? of difficulty, poor achievement, and lack of interest/ in 

.certain aspects .of mathematics. * 

On the other hand, children like mat-hematics primarily be- 
cause they find it useful, interesting, challenging, and 
<fc fun. . , „ 

* <g Certainly -there are clues, . in- the reasons' given above, 
p ; ^^or what to do in attempting to improvfc students \ atti- 

^tfudes toward mathematics. And we have good reason to be- 
^ xieve that attitudes can be improved if: 



' (1)' the teacher, likee mathematics and makes this evident 
Xm to pupils; • * 

(2) mathematics is an enjoyable experience, so that chil- 
dren jJevelop a ppsitive perception of mathematics and 
a positive perception of themselves' in relation to 
mathematics; 

(3) mathematics is shown td be useful, both in careers and 
in everyday, life; . *' , 
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(4) instruction is adapted to students' interests; 

(5) realistic, short-tejrm goals are established — goals^ 
which pupils hdve a reasonable chance of attaining; 

(6) pupils are, made aware of ^uccess and can sense prog-, 
ress toward' these recognized goals; 

J 

(7) provision is made for success experiences and the 
avoidance of repeated failure (diagnosis and immedi- 
ate remedial help. are imperative); and ' 

(8) mathematics is shown to be understandable, through 
the use 'of meaning'ful ujethods of teaching, * . 
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Using Research: A Key to Elementary School Mathematics 



ORGANIZING- TtfE SCHOOL PROGRAM FOR INSTRUCTION 



What is the 
best way to 
organize • 
schools and 
classrooms for 
mathematics 
instruction? 



Educators have long searched for "the "perfect" org^niza-' 
tional pattern- to meet individual pupil heeds and increase 
achievement. A vast number of studies have been conducted 
in the attempt to ascertain th^ efficacy or the superior-* 
ity^of departmentalization,' team teaching, multi-grading,, 
non-grading, or self-contained -classrooms; other stucjies 
have considered^uch patterns of organization as "o^en ^ ■ 
education" o*r uhe middle school. 

Attempting to isolate and measure the effects j^f any or- 
ganizational pattern is extremely difficult, sinc6 fac- 
tors' such as curricylum and teacher behaviors Interact 
with the pattern. The definitions of the* various patterns * 
also tend to overlap — for instance, what on§ person 
labels* team teaching another may define as departmenta^liza^ 
tion; "or "middle schqol'Nnay mean grades 5-8 in one sys-^- 
tern and grades 4-9 in another. ^ * 

4 ; ' , * 

It is apparent from a continuing review of the research 
that rib gerteral conclusion can be drawn regarding the- rel- 
ative efficiency of any one pattern' of organization for' • 
mathematics instruction. There appears to be no one Jpat"- 
tern which, per se, will increase pupil achievement in^ 
mathematics, proponents of any pattern can find studies 
that verity 'their stand. Achievement differences are af- 
fected more by otjier variables, such 4s the amount of tinyr 
devoted to mathematics instruction/ than by the organize- « 
tionar^Jattern. Perhaps the most -important implication 
of the various studies is that good teachers Can b^ effec- 
tive regardless, of the\way schools and classrooms are or- 
ganized. Moreover, it lfouldgappear that if a teacher 'or' ' 
a group of teachers has a strong belief in the effective- 
ness of a particular pattern/, ^hen that pattern has, a" 
strong likelihood of being shj<^|ssful for them. 



How should the 
* 

f content ^be 
sequenced in 
thp curriculum? 



^or years the work of Washburne (1928)-<and— th^Gptnnlitt-ee 
of Seven strongly ^nf luenced^ £he sequencing of* topic^jJLn 
the elementary school curriculum. This group of £ superin- 
tendents and principals in thfe midwest surveyed .ptfpil^ to 
find when tropics w£re mastered, and then suggested the . 
order*, and mental ^age or grad^level in which each should - . 
be taught. f ] 



j2£ 



"I # 

With the curriculum^eform moVemei^t' which began in the 
1950s, much reorganization of Content* was suggested. Var- 
ious topics t?ere '"tried. out" to see if they could be 
taught at a proposed level: research reflects many £uch 
trials, mofet of which indicated that the topic could be 
taught at the> proposed level. 

Some researchers worked on the development of hierarchies, 
of ^Learning tasks. ,In one study, Gagni and Bassler (1963) 
structured a heirarchy of "subordinate knowledge" which 
led* to the development of a concept. It Was found thajt, 
in general-, - sixth-grade pupils learned a concept when it 
was developed according to such a hierarchy. Although 
they did not retain all. of the subordinate knowledge, they 
did continue to achieve well on the final task. 

In^ study of fifth and sixth graders ,^ Buchanan (1972) ex- 
amined instructional sequences to determine how prior ex- 
periences with subordinate tasks affected mastery of a 
-Slfiperordinate task, and the efficiency of performance 
within' a sequence." The amount of prior experience with 
.the introductory- task had a significant effect on mastery 
of the superordinate task. * - 

Phillips s/19^2) developed and evaluated procedures for val 
idating' a learning hierarchy from tests. Data from fourth 
grade pupils % indicated that sequence^ even if randdm, 
seamed to have little effect on immediate achievement and 
transfer. to a similar task. However, longer-term reten- 
tion seemed\quite susceptible to sequence manipulation. 

Aside from studies on heirarchiea^ no major recen£ inve^ 
tigations have been conducted to determine the sequence, of 
topics in the curriSuim. There have, been gtudies on the 
scope of the currieulum, however. One of these was the 
Priorities* in School Mathematics, survey (PRISM, 1981). 
Both educators' .and* lay" persons were queried on topics 
that should receive *J.ess, continued, or greater „ attention 
during the 1980s K While there was a tendency (not unex- 
pectedly) for responses to favor the status quo, openness 
to change on many points was. evident. * 

m m 

We* know that the scope and sequence of the curriculum is 
constantly, bu^ slowly, changing. Value judgments, re- 
flected in such forces as the minimal competency move- 
merit, have had an impact on what textbooks present and 
teachers teach (Kasten, 1981). Many of the topics in- 
serted into the curriculum during the curriculum reform 
movement of the 1950s have again been deleted (e.g., work 
with non-decima l numeration systems) or moved again to 
higher grade levels (e.g. , ~work #ith negative numbers). 

In addition, technology is beginning to force some changep 
on the curriculum. For instance, the use of calculators ^ 
means' that pupils^encounter decimals at a f^r earlier age 
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than they did when they did not use calculators, and the 
curriculum is beginning to reflect this need for a change 
in sequence* 



How, import ant 
is .early 
mat hematics 
instruction? . 



Today, w^th few exceptions, there is general Agreement 
that we wif!" begin to -teach mathematics systematically in 
grade '1 , If not in kindergarten. Fifty-years ago, how-> 
ever, this was a matter of great debate. It was argued 
that formal study should be deferred "until the child 
•could understand more and had a need for using mathematics 
Therefore, until at l£ast the third grade, mathematics 
should be learned "incidentally' 1 , through 'informal con- 
tacts with^uraber. " . 

Opponents ^argued that such delay^ was a waste of time. 
Data to support this' were collected; fo,t instance, ^ 
Washburne (1928) found that pupils* who began mathematics 
in either grade 1 or 2 made better mathematics 'scores in 
gr^jie 6 than did pupils vho began .mathematics in grade 3. 
Clear evidence on the amount of mathematics that children 
could learn in grades 1 anci 2 was provided by ^towo^ll 
* (1941). V Z m 

A few studies (e.g s> Sax and Ottina, 1958) have explored 
the question of delaying instruction until fifth grade or 
even later. While they found that achievement was appar- 
ently aboftit as high in later-^gfades desjpite the lack of 
formal instruction, the question of when^ to begin system- 
atic instruction has not seriously been reopened.- 

- A question asked more frequently today "is how 'much should 
be taught in the nursery school or kindergarten progr^^ 
There is concern^that the interest- of* children become^ 
jaded by having a topic introduced at a$ early age so * , 
that, when- it is presented in a later grade, children* feel 
they *ve- already had it and have less* interest in it. Both 
interest and achievement in mathematics is also influenced 
by television programs and by the use of calculators, com- 
puters, and electronic games. ^ . 

-A 1 question that recurs every few yea'rs pertains to, the ef- 
fects of pre-f irst-gr^de mathematical experiences^ and in 
particular kindergarten experiences. About half -Of the 
studies of the ef f ecx of having or not leaving kindergarten 
have supported the conclusion that children with kinder- 
garten experience had higher achievement in later grades • 
than'did children who had not been to kindergarten (e.g., 
Keen, 19Zfh_KZ'Ast jansdottir , 1972). In the Other half of' 
the studies, no significant difference between the two 
groups was found- (e.g. , Clayton, 1981: Ricketts, 1976; 
Traywick, 1972). ^ 
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Similarly, the research on pre-school experience (e.g., £ 
Fort, ^980; Yonally, 1972) indicates no clear-cut answer. 
One study* suggested that mathematics skill teaching should 
be. postponed until kindergarten for girls, but not for * 
boyfe (Wintergalen, 1977). Another found that a home-bas^d 
pre-school program w^s better than a school-based one; 
that is, parents coald be highly successful at teaching 
children mathematical ideas- (Washburn, 1977). - 



Hofr should the 
time available 
fox mathematics 
instruction be 
used? " ^ 



The effect of, pre-school experience appears to be highly 
. school-related j^hat is, the experiences, that have been 
provided to build on the "foundation provided in the pre- 
school" or kindergarten (£n addition to the pre-scfiobl or 
kindergarten experience itself)* have 3 vital effect ori hbw 
much children achieve. 

. . : 

Ons body of research evidence concerns the distribution 
of time for mathematics instruction. To determine how the 
use of class time affects achievement, Shipp and Deer 
(I960) compared four 'groups ,' %n wh'ich 75%, .(50%, 40%, or 
25% of class time was spent on group developmental work 
while the remainder was spent, on individual practice. 
Higher achievement in computation, problem solving, and, ^ 
mathematical concepts was obtained when more than half of 
the time^was spent on developmental activities v 

In replications of. this experiment, Shuster and Pigge 
(1965) and Za»Q (1966) used other time allocations. They* 
confirmed jthe finding that, when the greater proportion 
of time is spent on developmental activities, 'achievement 
is higher. Hopkins (19J56) also compared two groups (in 
grade '5) which spent 50%' time on meaningful activities 
and 50% time either on practice or in informal investiga- 
tions^ of more advanced concepts.. m No' significant differ- 
ences between computation scores for- the two groups were 
found, but significant* differences on measures of. under- 
standing occurred* Hopkins concluded that the amount of 
time spent on practice "can be reduced substantially and 
i still retain equivalent proficiency An arithmetic compu- 
• tation," e > If activities are carefully selected, under- , - 
^standing can be increased. 

Another body of research evidence concerns the actual use 
\ of time by pupils- — the amount of time they spend "'ion 

tafek". There is rather definitive- evidence (e,.g*. , Denham 
" and Lieberman, 1980; Jacobson, 1981) that time-on-task is 
highly related to achievement: the more time spent actu- 
ally working op mathematics taskfj the higher the achieve- 
ment that can be expected. 

; . : * ^ *_ 



Is homework ' No studies have shown that homework has a negative effept 
helpful? on achievement or attitudes of elementary school pupils* 

, , A few studies have reported an achievement gain when / 



* ' homework was used at the * intermediate* level (Doane, 1973; 
Maertens arid Johnston, 1972). Others Have f^und no sig- 
nificant differences between groups assigned or not asr 
signed homework, either at the, primary level (Harding, 
r 1980) or intermediate level (Gjaifit, 1971; Gray and Allison 

• 1971;" Maertens, 1969). 

, • Pressman (1980). found that homework cons&ittftes a signif- 
' * ican,t, poVtioff^ef a student total opportunity to learn. 
DriJ.1 on work taught in class is the most frequently -as- 
signed homework activity. Teacher, expectations ab'out the 
importance of. homework are reflected £nthe time and ef- 
fort, pupils devote to it. 

j , , l_£ > 

Is tutoring Tutoringjis one way of providing remedial help t;o children 

helpful to , ' "who needfTlt. Comparatively fey studies Wave looked at 

elementary t adults in this role; this appears to be considered a^ 

school pupils? , natural aspect of fceachingior teachers and other adults. 

* * * It has been pointed' out, however, that senior citizens^ 

could be effective tutors /(Duffy,- 1980) as could parents 

" ) (Johnson, 1981)." « ' * Q 

Having children tutor other children, either at earlier 
or' the same grade levels and either at lower or the same 
achievement levels* has been studied. As Jones (1979) 
(* 4 pointed out, students helping students was as helpful as 

teachers helping students. Evidence from a numb^f of stu- 
— > ents indicates, however, that peer or cross-age tutoring * 

may not result in significant achievement gains for those 
being tutored over those not tutored (ek. g., Carlson^ ' . 
1973;' Geer, 1978; Lee, 1980; Swenson, 1'976). A few stud- 
f ies indicate that those tutored do achieve better (e.g., 

Ackerman, 1970; ,Guarnaccia, 1973;* Levine^ 1976). Hartley 
(1978) found in a meta-analysis of^ 153 studies that tutor- 
ing resulted in higher achievement ttian Computer-assisted 
instruction, individual learning packets, o^-programmed 
instruction. Peer tutoring was as effective as were 
paid adult tutors, while cross-age tutoring was slightly 
better than the other two types of tutoring. 

Some studies have look at £ related question: i*s there 
an effect on*those doing the tutoring? £ome studies have, 
' / found that' tutoring did not result in better achievement 
for the tutors (e.g., Carlson, 1973; I^nemuth, 1975; 
Levine, 1976; Swerlson, 1976). & number of researchers 
-have found indications, however, that! 'tutoring helped the 
^-^^ '/ « tutors. Rosen et al. (1978) found that perceived achieve- 
ment and satisfaction of tutors were greater on becoming' « 

; . the tutor rather jtriaq t he t u tee, pa rticu larly if on el was_ 

* the more competent partner. Huls$ (1980) found that tu- 
toring produced higher scores than being tutored did in 
grades 7vand*8 an^ Geier (t9^£) reported that tutoring im- 
proved the self-concept o4|^|ixth gradefrs tutoring pupils 
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in grades 1-4. Guarnaccia C1973) found that tutors 

learned .at least as well°as tutees'in grade 3 and 4. 

/ 

Schultz (1972) pointed* out the need to consider the 'com- 
patibility of tutprs and those being tutored. Each of 20 
' tutors was assigned to one student who (according to a 
test) appeared most compatible^ to him or her., and one 
least**compatible student. Gains in achievement and in 
self-concept of arithmetic ability did not appear to be v \ 
related to the degree of compatibility, .but students rated 
the relationship with tutor as more facilitat^ve when they 
were compatible. 
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PROMOJ 



ING EFFECTIVE LEARNING 



Research to guide us in determining how children learn and how we can teach 
effectiyely encompasses 'far more than one curriculum are&. We have selected 
that research which is based on some phase of the elementary school mathe- 
matics curriculum and provides specific suggestions to teachers of elemen- 
tary school mathematics. We,have noted some ideas from learning theory; 
considered the dependent variables of retention, transfer, and reinforcement; 
and included three prevalent methods of delivering instruction. 



What do we 
know about 
how children 
learn " 
mathematics? 



/ 



In actuality, we don't know exactly how children learn — 
but there are several theories which account for some o£ 
the characteristics of learning. Each recognizes, the 
importance -of the concrete level and describes movement 
toward the abstract. One that has been considered exten- 
sively during the past several decades was proposed by 
Piaget. Jn particular, he cited evidence, largely from 
interviewing children using carefully formulated tasks, 
that^ children at the elementary school level go through 
certain stages of cognitive development: the pre^> 
operational stage, in which the child makes judgments on 
the basis of perceptions 1 rather than reason or logic, and 
the concrete operational stage, in which the child uses 
logic and reasoning in terms of 'concrete objects. At 
^approximately age 12, many children move into the formal^ 
operational stage, using abstract thought^and no longer 
needing to rely on the concrete* 

,A few of the'stucjiss on Piaget's theory have focused on 
its meaning fdr teaching and learning mathematics in the 
elementary schools "For instiance, it appears, that~ conserva- 
tion of number (awareness that th6 number of 0 objects in a 
.set remains unchanged in spite of changes in the arrange- 
ment -of the objects) may be related to work with counting, 
addition and subtraction, and other matheraaticial'ideas 
(e.g.;.LeBlanc, 1968; Smith, 1975; Souviney, 1980; Steffe, 
1967). However, in other* studies, it appears that chil- 
dren are^able to do some mathematical tasks that would- 
seem to be ahfi£e_their developmental level (e.g., Almy 
et al., 1970; Robertson, 1979). thus, Baroody (1979) and 
Saxe (1979\ reported that children appeared to develop 
counting strategies before number conservation concepts, 
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/" /while Mpiangu\and Gentile (1975) and Pennington et al. 

(1980) concludW that conservation of number was not a 
prerequisite f^or work with -numbers* 

^ A similar set of\ stages was proposed by Bruner: chilcjren 
move from the enactive stage, where the child interacts 
directly with real objects; to the iconic stage, where 
they do representational thinking based on, for instance, 
pictures; to the symbolic stage, where they can manipulate 
symbols without regard to objects or pictures. (These 
stages correspond closely to those long-used in mathematics 
education: concrete^ semi-concrete, and abstract.) A 
sizeable amount of research has been conducted to ascertain 
their importance (e.g»\ Baker, 1977; Beardslee, 1973; 
Gau* 1973). 



Besides the developmental, theories proposed by Piaget and 
Bruner, which propose that learning proceeds through stages 
as the child matures, there' are behaviorism theories. 
^These have their roots in stimulus-response theory and con- 
ditioned learning: behavior is shaped by rewards and pun- 
ishments. ,Gagne is one researcher who has promulgated 
this theory by, for instance, stressing the heed for 
sequences and hierarchies. 

\ More recently, information processing, in which computer 
, techniques are used as a method of analysis and comparison, 
captured ^Sention. Errors that are made as algorithms 
a^e attempted (e.g.,, Brown and Burton, 1978) is one type of 
r * a} Series of* investigations. 

In general, it seems that children acquire knowledge and > 
* « understanding progressively, in a series of steps or 

stages This learning is shaped by rewards and punish- 
. ments, and ^characterized by errors that need to be cor- 
^ rected as information is assimilated by the child.. 

— p * ; • ' 

What helps One of the major goals of instruction is to have children A 

pupils retain retain what we are teaching and they are learning. There 
what they * is much research to show that when something has meaning 

have learned? to learners and is understood by them, they will be more^ 

Ulcely. to remember J Furthermore, Shuster and Pigge (1965) y 
^ State thats^eterttion is better when at least 50% of class 
£ime is spent "t>n^meaningful, developmental activities. . 
itlausmeier and £he£k^(1962) reported that when pupils . 
solved problems at theit^o$?n level of dif ficulty, , retention 



/was g<^g(i regardless of 



Lt^P5?n lev 
IQleVel. 



Intensive, specific review will facilitate retention, 
according to Burns (1960\. He prepared lessons which 
included not only practice exercises, but also review 
y study questions which directed pupils 1 attention* to rele- 
vant things to consider. Meddleton x (1956) pointed oyt that 
such review should be systematic. 
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The mode of review does'not have to be similar to the' mode 
of initial instruction (Thomas, 1974)* -"It can be adminis- 
tered individually or in ^smair groups (Pefrce, 1974), or 
via a computer 1 (VinsonhaleV 4nd Boss, 1972). Games have 
been widely and successfully used to aid 'students in 
retaining knowledge (Bright et al., 1-980).. 

Mastery learning has been proposed as a way of helping 
children' learh and retain. A high level of mastery triust 
be reached Coften at least 80% of a set of performance 
objectives must be attained, or students mus£ score at • 
least 80% on a test) before they can go_Qn-Jto*^ew-topi~csT" 
The_e,v_idence~on mastery^earnlng^ froio, studies at the 0 ele- 
mentary school level is equivocal - 1 - some indicate that it 
is effective in teaching mathematics (e.g., Kingston, 
1979), while others indicate no significant differences 
in achievement from "traditional" instruction (e.g., * 
Gifford., 1980). 

Many teachers have noted that children fail to retain well 
over the summer vacation. The amount of loss varies with 
the child's ability and age, but how long before the vaca- 
tion material was^ presented is important. Practice during 
the summer and review concentrated on materials presented ■ 
in the spring liave been shown to.be especially helpful in 
reducing retention loss. "^Grenier (1976) investigated 
whether seventh-grade pupils showed a significant loss in 
arithmetic over the summer, and tried-^to determine the 
length of time required to return to the pre-summer level 
of achievement when mean losses did occur. She found that 
the students had a significant ^oss on the computation 
subtest; stfmgjgain was found after two weeks in school. 
On some tests of concepts arid applications, gains we^e 
found between Spring and fall testings. 



How can Transfer infers that something learned from one experierfce 

transfer be can be applied to another experience. Many years ago,- 

facilitated? Olander* (1931) found that pupils who studied 110 addition* 

and subtraction combinations could give correct answers 
to the 90* untaught combinations. What facilitated this 
^ . * transfer best was instruction \n genejralizira, in teaching 

children to see patterns. Transfer increases as the sim- 
ilarity of problems and experiences increases^ Much 
refeearch has shown that meaningful instruction aids in 
transfer of learning and the trmsfer is 'facilitated by 
discovery-oriented instruct ioaHfyeimer, 1975).. 

\ ' In general', the -older the child and the higher the ability 

level, the better the child can transfer. However, 
Klausmei^r And Check (1962)° found that children of various 
IQ levels transferred ppoblem-solving skills to new situa- 
♦ i tions when work was ^t tltejphild's own level of difficulty. 

Bufton.et al. {19^75) reported tha,t the performance of. 
Ipw-ability pupils in < grade 5 on transfer tasks increased 
* as the* Variety of methods ^which they were taught increased. 



Learning a second method can interfere with the first 
method taught (Barszcz and Gentile, 1976). Other things 
that have aided transfer seem to be use of introductory 
materials and giving rules (Wenzelburger, 1975). 

In one set of studies,' Sawada (1972) studied a strategy/^v 
for organizing a curriculum and instructional^sequenees" j 
with explicit provision ^or^-tranefer fromT^lower- to highei/- 
or^x^b^etivej$TTising content characterized by composi- 
tion and reversibility* It was. found that performance 
on an objective had little relationship with performance 
on the inverse objective. Pupils on their own apparently 
did not pick up the strategy of forming composites. In 
other words, pupils did not seem_ aware , of reversibility 
inherent in- the materials, nor .of composition objectives. 
The need for explicit teaching, rather than expecting 
transfer to occur as a by-product, Is indicated. 

In most studies is this implication that transfer is 
facilitated when teachers plan and teatHi for transfer: 
we must teach children how . to transfer. 



What is 
effective for 
reinforcing 
instruction? 



One of tfre best ways of reinforcing learning is to give 
the child "knowledge of results" — by providing scores 
or by providing correct answers. Paige (1966) found that 
immediate reinforcement after ^testing situation resulted * 
in significantly higher achievement scores J.a£er. Having 
the student respond and then giving confirmation is more 
effective than prompting' with th£ correct answer before" 
giving a* chance to respond (McNeil, 1965). V 

The use of token reinforcements — plastic tokens which 
may be traded for candy, toys, or other desired items — 
has been reported to* result in achievement gains in other 
curricular areas. Hillman (1970) reported that fifths- 
graders given t>er*-item knowledge of results, whether with 
or without candy reinforcement , scored significantly 
higher in achievement* with decimals_than pupils given * • - 
knowledge of_resul-ts 24 hours .later. He suggested that 
low achievers may profit more than high achievers. 
Heitzman (1970) studied pupils aged 6 to 9 in a summer 
'arithmetic program. Those*who were rewarded by tokens 
achieved significantly higher scores on a skills test than 
those who did npt receive tokens (and also who may not 
have received knowledge* of results). Immediate knowledge 
of results i rather than token reinforcement, may be the 
determining factor. 

Masek (1970) reported significant increases' in arithmetic 
performance and level of task orientation of underachieving 
first and second graders during periods when teachers 
emphasized reinforcement such as verbal praise, physical 
contact, and facial expression, "j 
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Praise has seemed to be an especially effective way. to 
reinforce as ^ell^ajs^to-motrlvate learning. However, con- 
.^ecns-aboutrliow it h&s been used were expressed by Broph 
(1981) on the basis of a review of research Cin^ludirig" 
but not limited to mathematics jLn^tructdon)-. He enumer- 
ated some guidelines ^JLot--erfTective praise, including: 
making it contingent' rather than unsystematic; specifying 
Xhe particulars of an accomplishment; showing spontaneity 
and variety* and for credibility; rewarding the attainment 
of specified criteria; and attributing success to effort 
and ability. 



Is there 
research which 
identifies 
outcomes of 
meaning fjal 
instruction? , 



Earlier. this century, it was doubted that^fehildren needed 
• to understand what they learned: it ( was sufficient for 
them to develop high 'degrees of skill. To take time to 
give explanations and develop understanding was deemed 
wasteful, besides being perplexing to* the learners. 

»• 

Then c'ame .the realization that certain things were to be 
gained if content made sense to the learner* When math- 
ematics- is taught according to the mathematical aim, 
learning becomes meaningful; when it is taught according 
to the social aim, it becomes significant. Children do 
not necessaftl^acquire meanings when they engage in real- 
life social activities involving mathematics; Significant 
mathematical experiences need to be- supplemented by mean- 
ingful mathematical ^experiences. - ^ 

4$ 

In a summary of studies concerned with various aspects or « 
meaningful instruction, Dawson and.Ruddell (1935) con- 
cluded that meaningful teaching generally leads to "'greater 
retention,- greater transfer, and increased ability to 
solve problems independently. They suggested, that teachers 
should (1) use more materials, (2) spend more class tiipe 
on. development and discussion, and (3) provide short, 
specific practice periods. More recent studies have sup- 
ported these findings, as another review ^Weaver and 
Suydam, 1972) and continuing perusal of fhe research • 
indicate. 



How much 
guidance 
should be 
given to 
learners? 



The question of tf\e amount of guidance that students' need 
has been viewed dv in§ny researchers in terms of comparing 
expositor* instruction with- "guided discovery" approaches 
which encourage tn^ child to discover mathematical ideas 
more or le^sT independently. There is no cl^at evidence 
that guidecy disp^very approaches are more effective than 
expository^approaches — but there are some studies ip ' 
which expository instruction is* clearly better than a 
> guided discovery approach, • others in which guided discov- 
ery i£ betteru and still others ip whicji there are no ^sig- 
nificant difference*. It would seem that the method is >s 
dependent on the teacher t s effectiveness and the particu- 
lar* content bfeing. taught* • 



The. equivocal or inconclusive nature of research on 
"discovery" arfd its role in instruction may stein in part 
from the fact that the "discovery 11 label has been attached 
-to methods or>* procedures that • differ markedly in their 
distinguishing characteristics. 

Robertson (1971) concluded that "it would appear that no 
one treatment or mode of instruction ^c&n be considered • 
that be&t approach. The teacher vho leaSas as many 
instructional modes as possible, identifiers and diagnoses 
pupil needs and abilities, jand uses this: knov^edg^ to 
individualize instruction may very well get tHe best,, 
results'! " . , - > 



In research with fourth-grade classes, Good and Orouws 
(1979) found one pattern of lesson was characteristically 
usedfby teachers whose classes had high achievement'. It 
consisted of daily review, development of new content, 
seatwork, and homework Assignment, with special reviews as- 
needed. .Perhaps the strength of 'this "direct instruction", 
patterjjf lie3 in its emphasis on clarity, which has long' < 
been associated (in pther reseatch studies) with effective 
teaching. * 



:t\re 



How effect 
are activity- 
oriqpted 
approaches to' 
instruction? 



\ln a survey of research on activity-Based learning in ele- 
mentary school mathematics, Suydam and Higgins (1977) cop- 
eluded that about half of the studies* they reviewed, reported 
achievement differences favoring" the use/of activities, 
while thef other Ijalf^ reported no significant differences.' 
Therefore, students using activity-oriented programs or t 
units can'be expected to achieve as well- or better' than 
students using programs not emphasizing 'activities. 

* * * % 

♦ Some research has focused' on thd ef f ectivenejss^ of games/ 

* for" teaching elenrentary school mathematics" topics. Thus, 
as noteci earlier, Bright et al. (1980) reported that using 
games was an effective way to help students in grades 5 

■ and & maintain skills with basic multiplication facts? 



Denoting a wide variety of "procedures, the mathematics 
laboratory usually (but not always) involves use of manip- ° 
ulatiye materials plus a variety of other activities. At 
"least equivalent ^achievement can be expected* vhen mathe- * A 
matics laboratories are \ised (Suydam and Higgins., 1977). 
Almost all studies reported no significant differences in 
attitudes. Vance and Kieren (1971) summarized the results 
of the studies on mathematics laboratories which they 
reviewed by stating tnat the research indicates that stu- 
dents can learn mathematical ideas from laboratory settings.*. 
However, other meaningful ^instruction appears to work as, 
well if not better. C 



Is it'* 
•effective *to 
teach mental 
computation 
skills and 
estimation 
skills? - 



Relatively little research as been directed tovard these ' 
increasingly' Important skills. Austin (1970) found that 
eighth-grade pupils who spent one period a week on mental 
computation scared significantly higher on standardized 
tests than students not given such* instruction.- Fourth- 
grade pupils whd were instructed in Rental computation 
also made a significant increase in arithmetic achieve- 
ment and were better able to solve problems mentally 
than were pupil;s for whom mental computation was not 
<* stressed (Grumbling, 1971). In another study, fifth 
graders were exposed .to short, frequent periods of oral 
practice administered in various modes (Schall, 1973). 
It .was found that the exercises resulted in increased 
"ability to compute mentally and in a gain in attitude 
% scores, although no significant differences were 'found 
between groups who used televised t lessons, lessons on 
audio-tape : or programmed materials. * * 

Rea and French (1972) reported on a small-scale research 
study with a class of sixth graders./ One group used mental 
computation exercises; the other was given enrichment 
activities using the same content. For 24 days, both 
groups received their regular mathematics instruction plus 
15 minutes daily of 'the special activities. 



J 

In both groups were individuals whose 
onfy slightly, and scores even decreas 
ever, in both groups, the majority of 
rather dramatically; the average gain 
-group 'on the achievement test was one 
the mental computation group was eight 
be little doubt that the results were 
tors such as the halo, Effect, which of 
enthusiastic experimentation. 



scores increased 
ed for a few. How- 
the students gained 
for the enrichment 
full year, and for 
months. ' There can* 
influenced by fac- 
ten accompanies 



But why not capitalize on, this in the classroom? Children 
do like variety — 'and children enjoy experimenting and v 
being part of an experiment. Research can be a way of 
motivating children*. 

Working with pupils* in grades 4, 5, and 6, Schoen et al. 
(1981) compared estimation taught through meaningful 
instruction or with a computer-assisted drijl-and-practice 
program* Both groups learned*to estimate; the group * 

* taught meaningfully retained and transferred this skilL* 

A 

A variety of.^if f erent estimation strategies were demon- 
strated by the students in grades 7 and up' iriterviewed by 
A Reys et al* (198C))* Several general processes were 

* observed with regularity ancte seemed closely associated 
^With good estimation skills: the ability to translate, 

to reformulate, and to use compensation* 
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Using Research: A Key to Elementary School Mathematics 



DIFFERENTIATING , INSTRUCTION 



'By differentiating instruction we mean attempts to organize mathematics/ 
programs and instruction in relation to the unique needs and abilities of 
individual children. This includes, but is not restricted to, plans in. 
which individual pupils work more or less completely independently. It 
seems apparent . that there fs no one plan which is best. Provision for dif- 
ferentiating is conditioned in. part by school organization, in part by par- 
ticular teachers and pupils • Teachers must identify various factors related 
to pupils T achievement and interest in mathematics, and then decide on appro- 
priate variations in content, materials, method, and time. 



What factors 
are important 
to ccpsider 
when 

differentiating 
instruction in 
mathematics? 



Children in a 'given grade or class exhibit a wide range of 
ability and differ on a variety of factors; generally^the 
range increases as grade level «increas*es . Children also 
exhibit considerable variation in their patterns of behav- 
iors. A variety of factors on which children differ must 
be considered as a teacher plans instruction; among them 
are: 



5* ' ' O 



Mathematical ability . The capability of the child to 
learn, transfer, and^retain information* afad reason with" 
ideas is certainly obvious to teachers. Mathematics 
achievement, like other aspects of school learning, is. 
highly related to intelligence. Much research has sljown 
that intelligence is highly related to ability to learn 
mathematical ideas. The factors of ^mathematical reasonings 
verbal meaning, numerical ability, and spatial visualiza-^ 
tipn are ^elated to mathematics achievement (e.g., 
^*JWes~tbrook, 1966). 
* ' * 
Nature of the task . The difficulty of the content is 
obviously going to affect the way in* which fctje content is 
taught. 



fc^e 



Sex . Based on a review of 38 studies, Ferinemj (1974*) con- 
cluded that during the early elementary grades, pupils' 
sejc was hot a factor that influenced mathematics achieve- 
ment. In the upper grades, any observed achievement dif-^ 
ferences were apt to be in favor Qf .boys on high'er-level 
cognitive tasks and girls on -lower-level ones. There te> 
' appears to be no firm basis, however, for suggesting that 
mathematics instruction should be different for boys andf . 
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for girls, but there is some evidence that teacher^ treat 
boys and girls differently, favoring boys (e.g., Gore, 
1981). Moreover, girls may need more ejKrouragement to 
pursue mathematics than boys do. I 

Language . It is readily apparent that, if a child does 
not speak* English, it is difficult (if not impossible) 
to teach him or her in English. Beyond that, however, 
are concerns about the child who is bilingual. 

Socioeconomic l^vel . There is evidence from* research 
that many children from low socioeconomic groups have 
less mathematical background when they enter sctfbol than 
do children from middle socioeconomic groups, and continue 
to achieve less well than those from higher socioeconomic 
groups through the elementary school years (e.g., Passy, 
1964; Unkel, 1966). 

Learning or cognitive style . We know that some children 
learn best fronT reading or seeing, while others learn best 
by listening, and still others by touching. Teachers 
usually try to cope witjh these differing modalities by 
varying instructional modes. 

In other cases, it has been suggested that the most feas- 
ible way of coping with individual differences might be 
to match instructional methods with the cognitive style of^ 
the learner. Researchers have, for instance, identified 
children who learn better when taught inductively and 
others who achieve better whep taught deductively (e.g., 
$ing et al., 1969). However, it has been much more diffi- 
cult to use this identification to promote achievement. 
For instancy, at the eighth-grade level, Gawronski (1972) 
found no significant achievement differences for inductive 
or deductive instructional approaches matched to students 
who had inductive or deductive learning styles. However, 
Branch (1974) did find that sixth graders with low-analytic 
cognitive styles were able to transfer better when taught - 
inductively. Other researchers (e.g., Heftrington, 1980; 
Hollis, 1*975) also found a significant correlation ^between 
the* cognitive style of individual, students and the strat- 
egies used in instructional materials. However, Keane 
(1980) reported that level of. ability rather than cogn£-^ - ^ 
tive style accounted lor most of the variance* in,the fc 
achievement of the sixth gradere he studied. • ' 

Children differ in terms of being reflective or implu^ftVe; 
thus, pupils who have a reflective cognitive sfyle may 
take longer to consider their responses (and may achieve 
better) than pupils with an impulsive cognitive style 
(e.&., Cathcart and Liedtke, 1969; Radatz,' 1979) . 

Children who are field independent '(that ip, they approach 
learning analytically, putting together parts to make a. 
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whole) are usually found to achieve better, in mathematics 
than those who Ire field dependent (that is, they Approach * 
learning globally, seeing each situation as a whole) (e.g., 
Threadgill, 1979; Vaidya and Chansky, 1980). Cohen<|980) 
reported a *signif icant interaction between fi t eld dependence/ 
independence and degree of teacher guidance, and in another 
study -ifith fifth graders;, pupils' Who were field independent 
and- ref lective had better retention when they were taught - 
deductively, while pupils who 4 were field dependent and 
impulsive retained better when taught inductively (Koback,* 
. 1975)/ 

^ Personality factors . Other studies have considered the 
effect of various personality factors. Peer acceptance 
and acceptability 4 were eacl) significantly related to math- 
ematics achievement in* grades 5, 7, 9, and 11 (Lawton," 
1971). Poggio (1973) reported that grouping oh the basics 
of personality characteristics appeared feasible for the 
sixth graders he studied, but the pertinent factors dif- 
fered for boys and girls. 



Is grouping 
for mathematics 
instruction 
effective? 



Grouping to facilitate the individualization of reading 
Instruction is a common practice in the elementary school. 
Evidence on the effectiveness of grouping for mathematics 
instruction is conflicting. Ability and achievement have 
each formed the basis for grouping, although it is possi- 
ble to form groups on the basis of a combination of the 
two, or randomly. n \ ' 



From a review of studies on grouping, Begle (1979) con- 
cluded that "the evidence is quite- clear that the*most 
able students should be grouped together, separate from 
the rest of the student population. When this is done, 
these high ability students learn more mathematics than 
they wpuljd otherwise andvdo not develop any undesirable 
attitudes. .'. . On the^owier hand . . it sjeems to/make 
little difference whether (other students) are grpuped 
homogeneously or not^v He "also suggested that grouping 
^should be pn. the basis 6f previous- mathematics achieve-' 
ment rather than general ability. 



When more recent studies are also considered, however, 
the results have^een equivocal, whether grouping was by * 
ability or by" achievement : a, few 'studies favored hetero- 
geneous grouping; a few, homogeneous, grouping; the remain- 
der* found no significant differences* Thus, as is true 
acrcrss classropin drganization, no* clear conclusion about 
tjie achievement outcomes of grdupifig can be reached. 



Another concern about grouping was addressed in a study 
with .seventh graders grouped by ^ability (Brassell et al. 
1980). They found some affective^ problems. Low-ranked 
Students in groups at each of three levels of ability 
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scored higher in apxiety, lower in self-concept, and >ad 
less enjoyment of mathematics than did other studenrtfs; 
low-ranked students in the middle group were most anxious. 

It may be that flexible grouping will £est aid students 
in terms of both achievement and attitudes. Teachers can 
regroup ^at the beginning of each new topic, depending on 
pupil needs at that'point. , Holmes and Harvey (1956), 
however, found no significant differences in achievement, 
attitude, or social structure within tt\e classroom whether 
pupils were grouped perrihanently or flexibly (with the 
topic introduced to air,/f °ll^? we( * by grouping for further 
work) ♦ 

* * 
Second-gfade children who spent more time in small groups 
with much interaction with the teacher were more likely 
to spend more of 'their time "engaged in mathematical tasks 
than were students vho spent most of their time on inde- 
pendent seatwork with little interaction with the teacher 
(BTES, 1978). Since it has been'found that time-on-task 
is related to achievement, this has implications for 
classroom practice. 



What is the * 
effect of an 
individualized 
instruction 
program in 
"which each 
child works 
alone Or at 
his or her own 
pace? 



Fo^ over a decade beginning in the mid-i4960s, programs, of 
individualized instruction were promoted. Many such^pro— 
grams individualized by (presumably) allowing children to 
move at their own pace through the same sequence of mate- 
rial^, often programmed to some extent. y 

Schoen (1976) reviewed 36 studies in which elementary 
school children in a self-paced mathematics program were 
compared to traditionally taught children. He found that 
only fiye of the 18 studies for kindergarten through grade 
4 favpfced a self-paced program i five favored the tradi- 
tional program, and no significant differences were found 
in 8. In grades 5 through 8, three "studies favored self- 
pacing, 12 favored the traditional program, and no sig- ^ 
nificant differences were found in tHree. ~He concluded 
that, considering the additional cost and time needed^ 
whfcri^using a self-paced program, as well as the achieve^^- 
ment data, "a teacher or principal should not feel he or 
^she. is necessarily 'failing to alJ.ow for individual dif- 
ferences [ly deciding] not to implement a self-paced 
instructional program." 

Hartley (19^8) also concluded, on the basis of a meta- 
analysis of studies, that little or no achievement gain , 
resulted from the use of individual learning packets over 
traditional ±nsttucti,on. Ahajysf&fof 19 studies conducted 
between 1975 anci 1980 which compared individualized with 
traditional programs at. grade ievels from h through 8 
indicated similar findings.^ In 16, hb significant differ- 
ences were found; in two, the traditional program was 



How does 
diagnosis aid 
in 

differentiating 
instruction? 
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favored over the ■ individualized one; and in one, ^fae indi- 
vidualized program was favored over the traditional one. 

On the other hand, Horak*1981) concluded from her ^review 
that individualized approaches offered positive results on 
many specific instances, while Drayton (1979) reported 
that n the odds favor those in individualized programs 
gaining % year over those in traditional programs^__in 
grades 7 and 8. 



Various other types of procedures to differentiate instruc- 
tion have also been studied* * Broussard (1971) found that 
fourth^fcrade students in inner-city schools given individ- 
ually prescribed work through independent study, small- 
group discussion, large-group activities, and teacher-led 
discussions achieved significantly higher in skills and 
concepts than those taught/by whole-class method using a 
textbook. Bierden (1970) fttund that, for seventh graders, 
a plan using group ^instruction followed by independent 
work on individualized objectives resulted in significant 
gains in computational skills, concept knowledge, and 
attitude, with a .reduction in anxiety. 

In another variation, Snyder (1967) found no significant 
differences in achievement between seventh and eighth 
graders who were allowed to select the mathematical topics 
they v^ould study and* those who could irhoose^ from a three- 
level assignment option. Both groups gained ~more on 
reasoning tests and less on skill tests than a third 
group receiving regular instruction. Powell (1976) 
asserted* also that students Should be given "preference 
options" in using self-directed study in middle schools. 

Several studies indicated that learning cooperatively -with 
others was more effective than learning individually ' (e.g. , 
Madden, 1980; Prielipp, 1976)". While Johnson et al. 
(1978) found that the x achievement of fifth and sixth 
grader? was higher with individual learning, attitudes 
and self-concept were better with cooperative learning. 

— : — : — : — — ■ 

The purpose of diagnosis is to identify strengths as well 
as weaknesses, and, in the case of weakness, to identify 
the cause aid provide appropriate remediation. As part 
of the process, th^re have been many studies which ascer- 
tained the etrdrs pupils make. For^instance, Cox (1975) 
reported on the Systematic errors which children in grades 
2 througtW) made on examples with each of the four opera- 
tions with whole numbers* Roberts (1968) suggested that 
teachers must carefully analyze the child's method and 
give specific remedial help.* 

Gray (1966)*, in reporting on the development of an inven- 
tory on multiplication, called attention to the individual- 



interview technique pipneered by Brownell: "facing a 
child with a problem, letting him. find a solution, then 
challenging -jiim to elicit his highest level of under- 
standing." The technique of skillful questioning and 
observing of pupils as they work can help to lead to 
devising ways of teaching by better methods. 

Small-group instruction with an approach* using diagnostic, 
prescriptive,, goal-reference strategies for individual 
students (Fennell, 1973) and programmed materials to meet 
individual,* diagnosed needs (Scott, 1970) are* among the 
diagnostic procedures tried and found, to some degree, 
successful* 



\ 

Is acceleration A student who is accelerated in mathematics proceeds 
helpful? 4 through the curriculum more rapidly than the average stu- 

dent — by covering the regular curriculum faster or, most 
commonly in elementary school, by skipping part of the 
_ curriculum or a gfade. In general, acceleration has been 
^feported to be effective for some ^children. Thus, 
Klausmeier (1963) reported no unfavorable academic, social, 
emotion, or physical correlates of acceleration in fifth 
graders who had been "skipped "_from second to fourth grade. 
Ivey (1965) found* that fifth graders who were gxVen an 
accelerated and enriched program in grade A gainecl sig- 
nificantly more than those receiving regular mathematics 
instruction. Jacobs et al. (1965) reported that seventh* 
graders who were in an accelerated program for either • 
three or four years did significantly better on concepts' 
tests than those, who had been accelerated for only^one 
year. There were no significant differences on problem- 
solving tests. 

Begle (1979) concluded from his* review of research that, 
while acceleration is often appropriate for talented stu- 
dents and is probably more advantageous for them than 
enrichment, the grade level at which acceleration should 
start is open to question. 
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Using Research I A Key to Elementary School Mathematics 



INSTRUCTIONAL MATERIALS AND MEDIA 



What has been 
learned from 
analyses of 
mathematics 
textbooks? 



Textbooks are the primary determinant of mathematics cur- s 
riculum. From an extensive review of the literature, 
Suydam and Osborne (1977) cpncludeci that, in most class- 
rooms, a single textbpok is used with all students, rather 
than referring to multiple textbooks or varying text use 
by group or individual needs. That the textbook influences 
what is learned was supported by Beg^e (1973), who reported 
that different patterns of achievement were associated 
with tl^jjse of different textbook^.* 

Elementary mathematics textbooks have periodically been 
analyzed to ascertain the content included at each grade 
level, ^fltysical features,^ points of emphasis, and teaching 
methodology, as well as comparison betwedn books and 
trends across books. * Thus, Marksberry ej: al. (1969) 
checked cognitive objectives in textbooks with committee- 
suggested objectives and with questions and activities in 
teacher's manuals, and Callahan and Passi (1972) analyzed ' 
text materials to ascertain the cognitive level of activi- 
ties., (Not unexpectedly, they found that low-level activi- 
ties were more frequent than high-level activities; manip- 
ulating of symbols dominated the activities; while the 
frequency of translating, analyzing, synthesizing, and 
evaluating levels was low.) Still others 'compared text- 

' books with tests to ascertain the objectives covered. 
Thus, Dahle (1970} found that. one text series corresponded 
more closely ta an expected^distribution of objectives 

. than did two standardized tests. When Rogers (1981) com- 
pared minimum competency test objectives with two textbooH' 
Series, she found that computational objectives were ade- 
quately covered - 9 -but -problemrrsolving -Qhjectives were not. 

In* a comparison of two seventh-grade te^tbool^ McLaughlin 

• (1970X found that students scored* significantly higher 
.jusing^he book which included more explanation and discus- 
sion of subject matter, made greater use pf symbolic nota- 
tion, and provided more examples with the explanations. 

Evidence from a study by Freeman et al. (1980) indicates 

* that among three fo\irth-grade textbooks and five standard- / A 
ized tests, important ^differences iti what might b^ taught . * ^sy 
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are found. All materials dealt with addition, subtraction, 
multiplication,, division, ami geometry, but there 'the sim- 
ilarities ^ended. The texts and tests .varied greatly on 
such topics as fractions, number sentences, estimation, 

id.. metric measurement. Out of a total of 385 topics iden- 
tified in the ngterials, only six were included in all 
four 'textbooks^nd on all five tests. 



What do 

^tudle's on the . 
vocabulary 
textbooks show? 



The vocabulary level /of textbooks has also occasioned the < 
interest of .researchers. Wide ranges in the number of 
words used and, the frequency of their use were found across 
textbooks (e. g. /Browning, 1971; Stevenson, 1971). More- 
over, the readability levels may range above the grade 
level of maf^r of the students in the gradesHn which they 
are used (e.g., Smith, 1971). Earp and Tanner (1980) 
fouttd that 'sixth graders could only comprehend half .pf the 
words in their textbooks. < * 



, In a different type x>f vocabulary study, Olander and Ehiner 
(1971) administered a test from 1930 to pupils in 1968. 
On the text, 1968 pupils achieved higher scores x on 74 of 
100 items. in grade 4, 59 items in grade 5, and only 48 
items, in grade 6 than did pupils who had taken the test in 
1930. On a test of contemporary terms, mean scores were 
49 for grade 4, 58 for grade 5, and 64 for grade 6 on the 
v 100 items. Again, this is evidence of the need f or - 



^teachers of mathematics to be teachers of reading — at 
ifeast in-so-far as their students need to learn to read 
mathematics vocabulary. , 



How useful 

are mathematics 

tests? * 



In addition to the test-textbook comparisons cited above, 
some Studies considered only tests. After analyzing a 
standardized mathematics achievement test for grades 2-5, 
•Gridley (197Jr) reported that the test measured several 
'clusters af Achievement items. The clusters varied from- 
grade to gradeV and subtest headings did not represent 
distinct clusters. The meaningfulness of the total ,score, 
as well , as the subtest scores, was questioned, since 
several skills or\bilities were being measured/ Mercer 
,(1978) also analyzed two ^standardized tests to ascertain 
the proportion of coverage of various content, and Knifon'g 
^1980) found considerable variation in computational pro- 
cedures and difficulty level among the word* problems in 
eight standardized tests. 



Does programmed 
instruction 
facilitate t 
achievement? 



Programmed .instruction materials purportedly allow each . 
pupil to progress ,at his or her own *#ate. It appears 
from the research that programmed materials ark effective 
to supplement the classroom teachetV As' Goebel (1966) 
indicated; teachers devoted much more of their time, (68%) 
to work with individuals when programmed materials vtere 
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used , -compared to only 3% of their time devoted to indi- 
viduals when a conventional, approach was used. 



Research on programmed instruction (e.g., Jamison^et al. , 
1974) indicated that achievement with prpgrammed Materials' 
was essentially comparable to traditional instruction. 



What is the 
role of 
concrete or 
manipulative 
materials? 



% 



Throughout these .bulletins, much evidence is cited which 
indicates that the use of concrete materials appears to be 
essential in providing a firm foundation for developing - 
mathematical ideas, concepts, and skills. Generally, we 
are bound philosophically to their use; but research 
increasingly indicates that we need to analyze when fehey 
are' used, with whom they are used, what types should be" 
used, and how they are used. "* + 

In an analysis of a large number of studies, Suydam' and 
Higgins (1977) found that lessons using manipulative mate- 
rials have a higher probability of producing greater math- 
ematical achievement than do lessons in which manipulative 
materials are not used. This was true across a variety 
of mathematics topics,, at every grade level (K-8) , at 
v^ry achievement level, at every ability level. 

. - . * J 

There is also evidence which indicates that having chil- 
dren manipulate materials themselves may not be necessary 
for all topics or for all children (e.g., Gilbert, 
1975; Steger, 1977; Trueblood, 1968; Zirkel, 1981). 
Watching the teacher use s the materials in a demonstration* 
mode was oftep at least as effective as manipulating the 
materials themselves. The reason for this may l^Ie with 
the fact that it is easier to- direct childtehV attention 
to important points when the teacher is* in control of th6 
materials. * 

>I^ny of the studies provide at least partial support that 
the use of materials should proceed in stages from concrete 
to semi-concrete (that is, pictorial) to abstract or syrih- 
bolic (e.g., Olley, 1974)".- Investigations k by Johnson « 
(1971), Portis (1973), Carmody X1971), and Puhn (197AX 
indicate that use of either or both physical and pictorial 
aids result in significantly higher achievement than when 
only symbolic materials are used. Fennema (1972) concluded 
that the research she reviewed appeared to indicate that 
the ratio of concrete to symbolic models used to convey' 
mathematical ideas should reflect phe developmental ley^l- 
of the learner. It mi^ht be thaf: iNftJernative models ' J 
should be available so the learner 'plan select the one most 
meaningful for him or her. , 1 

Many researchers hays focused on the use of Cuis^naire 
rods (e.g., Crowdjer, 1966; Hollis, 1965; LucqW, 1964; 
Robinson, 1978). Generally,, pupils using thfcke^m&terials 
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scored jas liigh or higher than those not using them. Prior 
background, length, 6f time,, and the specific topic may 

* account for differences in the effect' of using Cuisenaire 
materials* 

Another point* of cbnc 4 em is whether the number of differ- 
ent materials" (or embodiments) affects achievement. The 
evidence on this .is equivocal, tyhieler (1972) concluded 
, jthat cjiildren_ proficient in using three or more concrete 
embodiments had a significantly higher l^el of understand- 
ing than children without this" proficiency with concrete 
aids. Edge (1980), Gau (1973), and Beardslee (1973) 
found that pupils* working* with one, two, or three embodi- 
' merits could opetate wtih symbols and generalize essen- 
tially- the same. 
t * 

* * When materials should b& used is also of concern. For 

instance, W^beT (1970) reported no significant differences 
" ' between groups^of fjrst graders who used manipulative 

materials for follow-up' activities and those who used 
' paper-and-pencil activities at that point. Perhaps mate- 
rials provide aLfcoundation-, but a£ some point they are no 
longer needed by children. 

The tfbst of materials was studied in relation to th£ir 
» « effect by Hafshman et al. (1962). First graders were 
' H taught for one year usipg either a collection of inexpen- 
sive commercial materials,. a set of expensive coaimercial 
- materials, or materials collected by the teacher. When 
m % significant differences in achievement were observed, 
, they were always in favor* 1 of the third program. It was - 
, . conclude that spending a lot of money "for manipulative 
■ r • materials* does not seem Justified. „ * 
•* * ■ " 

What is'<the In the 1977-78 calculator -surveys conducted by NAEP 

effect .of (Carpenter et al.", 1981), 7^%j^the students a^ed 9 and 

using 80% of the students a^ed 13 indicated* that they either had 

calculators? " their own calculators or had access to one. Other^ studies 

• indicate frhis percentage may be even higher. Thus, cal-' 

* - culators are available which could be usecF for mathematics 

.* ' instruction. However, whil^a l&rge number ef teachers 

* * now frelieve that calculator^^hould be used in schools, 

, ' f«f fewer actually use> them l^ys et'al., 1980; Weiss, 

, \ T- . ' ." I-. ■ . ■ : ' 

, Over 100 studies on the -effects of calculator usb have 
^ a beep conducted since 1975 (Suydam, 1981). This is more m 

investigations than on- almost any. other topic or tool or 
. , * technique, for .mathematics instruction during this cerityry. 

Many of these studies had one goal: to "ascertain whether 
J . or not the use of caldulator$> would harm students', mathe*- 
1 matical Achievement. , The calculator did not appeat to 
affect achievement adversely. In all but a few instances, 



achievement scores were as high or higher when calculators 
were used for mathematics instruction as when they were 
not used for instruction. The decrease in time spent on 
paper-and-pencil practice did not appear to harm the 
.achievement of students who used calculators. 

Some studies explored the role of the calculator in rela- 
tion to problem solving. Wheatley (1980), for instance, 
considered the p effect of calculator use on problem-solving 
strategies employed by children in grade 5. It appears 
that different strategies and solution methods are used 
with calculators jthan are u£ed without calculators. In 
particular, the" calculator makes the exploration of hypoth- 
eses feasible. 

When beliefs" and attitudes are surveyed, however, it 
becomes obvious that many persons ignore the evidende that 
calculators are useful instructional tools. The^ Priori- 
ties in School Mathematics Project (PRISM, 1981), 
devoted about 20% of its items to ascertain ways in which 
educators at all levels from primary through college, 
parents*, and school board members felt about the use of 
calculators. Educators were much more supportive of 
increased use of calculators than were lay persons: 54% 
of the 'prof e^sional samples but only 36% of t;he lay sam- 
ples would increase emphasis on calculators during the 
1980s. ^Support was strong for using calculators for 
checking answers, doing a chain of calculations, computirig 
srea, making graphs, solving word problems, learning why 
. algorithms, work, and doing homework. 

Data from the NAEP calculator assessment (Carpenter et al., 
~1981) indicate that students performed routine computa- 
tion better with the aid of a calculatot. The calculator 4 
aided 6very age group for subtraction, multiplication, 
and division with calculators. In several cases, perf or- ' 
mance was nearly 50 percentage points higher when a calcu- 
lator was available. Performance on all nonroutine com- 
putation exercise? was poor, with no improvement shown 
when a calculator .was available. It was evident from the 
data that problem solving also requires more than computa- 
tional skills: ***in general, the .problem-solving performance 
of both 9- and 13-year-olds w,ith a calculator was poorer 
than that of students without a calculator. , % 



What is Computers have been used iri^schdols since the 1960s. In 

the effect the lat;e 1970s, however , Microcomputers appeared in ever- 

of using increasing numbers in elementary school classrooms, 

computers? J< M 

We' know from the research of the past- 20 years that compu- 
ters can be used effectively p^eh^lem solving, drill 
and practice, , tutorial instruction (CAI) , management, 
games* programming, and simulations. 
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. Data from PflISM (1981) indicated that nearly 75% of the 
professional samples aiid 80% of the lay samples believed 
that the use of computers and other technology should be 
increased during- the 1980s; 78% Indicated that the empha- 
sis on computer literacy should, be increased. Having 
computers or computer access for students was given strong 
support jC95%) at the secondary school level »and moderately 
strong support (77%) at; the elementary school level. 
Strong support (84%) was also shown for having several 
# jnicrocomputers for each class , t each ing^lT^out the roles 
C , of computers in society, and^knowing about the types of 

problems computers can solve. The idea that knowledge of 
computers. i$ only "needed by specialists was strongly. 
* opposed (by 89%) . v 

i A . Data from NAEP' (Carpenter et al. , I98lf indicate that only 

14% of the 13-year~9lds reported they had used computers 
.when '-studying Mathematics. N 

' \l- 

It would appear that the evidence^feoaTT:h ( e computer uses 
^ of the past 20 years can be applied to the use of micro- 
, computers. But *the microcomputer is 'Bar more accessible 
N ' ^to students, in the home as well as in the school. ThereT 
~*fore, its effects may be V.ery different, especially as 
children hav*e the time to i explore its capabilities, with 
all this means in terms of, problem solving, 
* **. ; • „ c . 
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o Elementary SchooL Mathematics 
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I 

What foundation 
for addition 
and subtraction 
do, children , 
have 

upon. entering „ 
school? 



ADDITION AND SUBTRACTION WITH WHOLE NUMBERS 



As 'teachers are well ^are", some background for the devel- 
opment of skills in addition and subtraction is formed 
before children begin systematic study of these operations. 
The ability to count is of particular importance: chil- 
dren often use counting as. a primary means of ascertaining 
and verifying addition an# subtraction facts (e.g., 
Gelman and Tucker, 1975; Houlihan and Ginsberg, 1981). 
The ability to recognize the number of a set without 
counting is also helpful. 

Through the years, many investigations have been conducted 
to ascertain the*W>unting skills and ather math#taatical>i 
abilities possessed by thl pre-first-grade child (e.g., 
Brace and. Nelson, 1965; Buckingham and MacLatchy, 1930; 
Hendrickson, 1979; Mott, 1945; Priore, 1957; Rea and 
Reys, 1971). In some studies, it was found that many . 
children could solve simple addition and subtraction 
examples in fin .oral or problem context. Across^ the 
studies, wide differences were found in children's ability 
to count. 4 While some ^children- could count to TOO or 
beyond* a few had difficulty counting to 10. Thus, the 
.classroom teacher cannot assume that all childreft have the, 
counting and' other skills which appear necessary to work 
with addition and subtraction. Teachers must assess the 
attainment of th v e individual children in their classes. 

Whether rate counting or; rational counting should be 
taught first is a recurrent question, but has not been 
explicitly answered by research. Generally, the pre-scfiool 
child learns first to^say the number names with sets of 
objects. Brush (1973) found that informal notions about' . 
addition and subtraction were picked up through everyday . 
experiences. * 
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Is conservation Piaget's work with conservation appears to have some 
of number * . applicability to the teaching of addition and subtrac- - 
a necessary tiot^ Steffe (1968) found that' first graders who did 

condition for better on tests of addition facts and problems had the ^ 
understanding ability to conserve (that is, they knew when two sets had 
addition and the same number of objects even though they were arranged 

subtraction? differently), and THaeler (1981) found a significant rela- 

tionship between developmental level and^the strategy used 
. * in getting answers to addition facts. . LeBlanc (1968) 

reported a similar . conclusion -with respect to subtraction 
'problems. However, Mpiangu and Gentile (1975) are among 
those who have concluded that number' conservation was not 
a prerequisite to -the development of mathematical under- 
standing, suggesting that the two develop simultaneously. 
Similarly, Hiebert et- al. (1980) reported that some chil-. 
dren who had not yet developed a particular cognitive 
7 , ability solved at least some problems of eafch -type, call- 

ing into question the use*of th^se cognitive tas^s as 
readiness variables for instruction. 



Whal is the At one time, especially when stimulus-response, theories of 

relative ^ learning were prevalent, there was great interest in Siscer- 

difficulty taining whether some basic number facts or combinations, 

of addition e.g., 5 + 2 - 7, 9 + 6 - 15, 8 - 3 - 5, 17 - 9 - 8 ~ were 

and subtraction 'more difficult than others. Textbook writers as well as 
facts? classroom teachers used the results of such research to 

determine ^he^order in which facts wo.uld be presented. 
The assumption was that if the combinations were sequenced 
appropriately V-Xhe^ time needed to memorize them could be 
^ reduced.. Yarying 'procedures to, ascertain the difficulty 

► level resulted in a lack of agreement among the studies. 
Some common findings were evident,, however ' (Suydam and 
Dessart, 1976): * . / ( ^ 

3 + 4 (1) An addition combination ai^ its "reverse 11 form tend to 

"4 + 3 be of equal difficulty. 

6 + 8 (2) The size of an addend rather Mian the size of the sum 
17 - 9, is the principal indicator of difficulty. 

6 + 6 * v (3) The doubles afcd those combinations in tttiicfc 1 is an 
9-1 addend appear to be easiest in addition; those witfi ' 

differences of 1 or 2 are easiest in subtraction. 

(4) Subtraction combinations are more difficult than addi- 
tion combinations. 

Some researchers haV N e used the data-gathering ability of 
the computer .to explore the relative difficulty of the 
basic facts (e.g.; Suppes and Groen, 1967). The findings 
have been used to* sequence programs for drill and practice 
, .available in paper-and-pencil form "and on computers. 
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Swenson (1944) questioned whether results on* relative 
difficulty obtained under- repefeitivte^drill-o^i^nted 
methods of learning are valid When .applied ift learning ' 
situations pot so definitely drill-o*rientedI She found 
that the order of difficulty seemed to be a function ofc>* 
the teaching method, * at least in part'. Tfcis finding was * 
confirmed .by Marrotta (19^4). He noted Aat the teacher 
should provide specific learning experiences for individ- 
ual students, realizing that s the basic facts "may be 
organized for instruction in many 'different ways,' using - 
differenf approaches and materials, and different means 
to achieve \he goal of cqmpitf^tional skill with under- 
standing." ( • ^ 



How do ^ A number of years ago', Ifrownell (1928) fouttd that pupils 

children* use various Vays of obtaining answers *£o Combinations <*- • 

"solve 11 basic guessing^ countings and solving frbm kti§w£ combinations*, 
facts? ' * as well as immediate recall*. Brownell stated, "Chiidren 

appear to attain 'mastery 1 -only^af te^? »a 5 p&riod dqrjLng which 
they deal with procedure? less advarfc^J^/out to ttfem more 
meaningful) than automatic responses. 11 ^wouws (1974) veri- 
fied that these processes ^are. still frequently used, but 
* * his list x of ways third graders. solved op^n addition and 

subtraction sentences, included others: addend-sum - 
relationships, equivalent sentences, random or systematic 
* i substitution, counting on or back, tallying, inverse re2a-* 

c tionship, <Juid simplifying (by considering a sentence of V* 

the same ty]^ but usually with smaller numbers). 

Research by Thornton (1378) supported the use of thinking 
strategies in Wachin^ basic facts.' Rathmell (1978) pro- 4 
, posed activities for teaching such thinking strategies 
for addition as* counting on, one more or less, anc^ * 
o c omp e nsa t ion. 

First-grade pupils taught counting on did significantly 
better on timed tests of addition facts than did pupils 
using a set approach or a textbook (Leutzinger, 1980), 
while emphasis on the counting relationship among addi- 
_ " tion facts resulted in higher achievement than no such 

emphasis' (Carnine and Stein, 1981). Sauls and Beeson 
(1976) found that about 62% of the fourth graders they 
studied still used counting* when adding and subtracting. 

Beattie,(1979) investigated how students in grades 4, 5, 
and 6 derived answers to unknown subtraction facts: 
counting forward, counting backward, *derivat ion from a 
known fact, and bridging using 10 as an intermediate step. 
He noted that errors occurred when children's procedures 
were faulty, inefficient * o* too complex. . 

Evidence from the 1977-7.8 National Assessment (Carpenter 
et al« y 1981) indicated that most pupils do learn the 
addition and subtractibn , facts: approximately 90% of the 
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9-year-olds knew addition facts and 79% knew subtraction 
f*cts. At age, 13, the percentages were over 90% for edch 
set of facts. * 



Are open 
addition and 
subtraction 
sentences all 
of the same- - 
difficulty? 



Various investigations pettaining to the difficulty level 
of opfn sentences have been reported (e.g., Engle and 
LercW, 197*1; Grouws, ,1974; Weaver, 19*1.) A synthe- 
sis/of findings suggest that: 



(1) open subtraction sentences are more difficult to 
solve than open addition sentences; 

(2) seatences of the form /~ - b = ? or c = y / / - b ^re 
clearly the most difficult of all types; 

(3) sentences with the operation sign on the right-hand . 
side of th£ equals sign are more difficult than those 
with the operation sign on the left-hand side,; 

(4) sentences with numbers * bfetween 2C^and 100 are more 
difficult than those that are within the context of 
basic facts; 

(5) children's methods of solving open sentences vary from 
type to type; and 

(6) their solution methods also vary within each particu- 
lar type of sentence. 

Teacrffers should be careful of the order in which open- 
sentence types are introduced and^studied. It is likely 
that, within each column below, the /types of open sentences 
are listed in order of increasing conceptual difficulty: 



a + b - l_l 
a + fj = c 
U + b » c 



H"-a + b 
c = a + [J 
c = fl + b 



ar/7=c 

n - b = c 



£7 « a - b 
c = a - fj 
c = fl - b 



Teachers also may need to be careful of the pace at which 
open-sentence types ate mixed, dpdvall and Ibarra (1980) 
found that most pupils' errors appeared to be associated 
with an incorrect and inconsistent reading of number sen- 
tences.* In a stydy'with first graders, Nibbelink (1981), / 
found that they scored 66% correct on horizontal open sen- 
% tences and slightly better (75%) on the vertical form. 



Should addition 
and subtraction 
be taught at 
the same time? 



It is ^somewhat surprising, considering how frequently this 
question is asked, to find 'that .little research has been 
done on the topic. In early studies, it was found that 
higher achievement resulted when addition and subtraction 
facts were taught together. In a study in grades 1 and 2» 
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What type of 
problem ' 
situation 
should be used 
'for 

introductory 
work with 
subtradtion? 



Spencer (1968) reported that there may be somfe infertask 
interference,' but emphasis on the relationship between 
the operations facilitated understanding. 

Wiles et.al. (1973) investigated the effect . of a sequen- ' 
tial and -an integrated aP2roach*to the introduction of \ 
two algorithms for additron and subtraction' examples in- 
volving renaming. For second graders,' no evidence was 
found to support any advantage of an integrated , approach 
in which the two algorithms were 'introduced more or less 
simultaneously. The subtraction-then-addition instruc- 
tional sequence generally produced the poorest performance; 
the tendency of all groups was to learn addition first. 



Gibb (1956) explored ways in which pupils think as they 
attempt to solve subtraction problems. In interviews 
with 36 second graders, she found that pupils did best on 
"take-away" problems and poorest on ."comparative 11 problems. 
For instance, when the question was ?How many are left?", 
the problem was easier then when it was "How many more 
does Tom have than Jeff?". ' "Additive" problems, in which 
the question might be "How many moi;e. does he need?", 
were of medium difficulty and took iftore time. She 
reported that the- children solved the problems in terms 
of the situation, not realizing that one basic idea 
occurred in all applications. 

While Schell and Bums (1962) found no difference jLn per- 
formance on the three teypes of problems', "take-away" 
^situations were considered by pupils to be easiest. 1 Thus, 
they are generally considered first in introductory work 

with subtraction. 

* - - 

Coxford (1966) and Osborne '(1967) found that an approach 
using set-partitioning, with -explicit use of the relation- 
ship between addition and subtraction, resulted v in greater 
understanding than the "take-away" approach. 



How should 
sub traction - 
wj.th renaming 
be taught? 



Over the years, researchers have been very concerned about 
procedures— f or -teaching subtraction involving Renaming 
(once commonly called "borrowing"). The question of most 
concern fias been whether to teach subtraction by equal 
additions or by decomposition. * 



HOw do you do this example' 



91 
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You're using decomposition if you do it this way: 
11 - 4 « 7 (ones); 8-2=6 (tens) f~ 
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If you do it this way, you're using equal additions : 

11-4 --7 (ones)j 9-3^6 (tens) 

In a classic study involving 1 400 third-grade pupils, 
(Brownell, 1947; Brpwriell and Mpser, 1949), the compara- 
tive merits of two algorithms (decomposition and equal 
additions), in combination with two methods pf instruction 



4 


meaningful 


mechanical 


decomposition 


a , 


b 


equal 
additions 


c ♦ 


d 



V 



It was found at ,the time of initial instruction that: 

(1) Meaningful decomposition [a] was better than mechani- 
cal decomposition [b] on measures of understanding 

^ ' and accuracy. e 

(2) Meaningful equal additions [c] was significantly 
better than mechanical equal additions [d] on meas- 
ures of understanding* > 

* * * 

**(3) Mechanical decomposition [b] was not as effective as 

either equal additions procedure [c or d] . 

» • 
(4) Meaningful dectjmposition [a] was superior to each 

equal additions procedure [c,d] on measures of under- 
standing and accuracy* ' ' ^ 

It was concluded that whether to teach the equal additions 
or the decomposition algorithm depends on the .desired out- 
come* ^ 

In a study focused on hbw to teach the decomposition algo- 
rithm more ef f ^ctively^r Traf ton (1971) reported that for - 
third graders more extensive development of the decomposi- 
tion algorithm was better than a procedure that included 
work with concepts and the use of the number line before 
the algorithm was taught. <- 

Cosgrove (1957), in "a study with sixth graders who had 
learned the decomposition algorithm, found that they, coulcT 
change to the equal-a4ditions algorithm, without signifi- 
cant interference effects. Hypothesized speed and accu- 
racy advantages for* equal addition, found in other research, 
were not observed,, however. Sherrill (1979) did find that 
the decomposition algorithm was superior in accuracy to 
the equal-additions algorithm wfth third graders. 
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Several researchers have studied algorithms in which a 
minimum of memory .is needed.- For instance: 



4 8 



(8 + 5 « 13; write 3 on the ones side, 
p 1 on fhe tens side) 



I 3 (3 + 9 = 12; write 2 on the ones side, 
1 on the tens side) 

9. ■ • ■ ' 

* I Z (2 + 7 9; write 9 on the sum of the 

on^, then add the two Is from the tens side) 

Hutchings (1975) arid Lester (1979) reported some affirma- 
tive results for such algorithms, and Alessi (197A) f ound 
Significant differences favoring the cited addition >£igo-^ 
rithm with fourth graders when the number of columns 
attempted and the number correct were the criteria ffc*-*-~- 
success. Such algorithms might be considered for students 
who, are having difficulty with other algorithmic^ forms. 



What is the 
role of 
materials 
in developing 
understanding 
and skill' in 
addition and 
subtraction? 



Jt is as -important to use concrete materials in introduc- 
ing algorithms as it is in introducing basic facts. 
Ekman (1967), for instance, reported that when third 
graders manipulated materials before the presentation of 
an addition algorithm, ' both understanding and ability to 
transfer increased. Using materials before introducing 
orr developing the 'algorithm was better than using only 
pictures or using neither aid. Pun» (1974) similarly . 
found that third-grade groups using manipulative materi- 
als and symbols, or materials, symbols, and pictures, 
achieved significantly higher th^an those using only pic-, 
tures and symbols.- * * 



Wheeler (1972) indicated that second-grade pupils -profi- 
cient in regrouping two-digit addition and subtraction 
examples with three or more concrete materials scored n 
significantly higher v on multidigit tests than those mot 
iroficient in using materials. In a study with second 
' leaders ,'Ignaupp (1971) found that both teacher- 

konstration and student-activity modfes with either blocks' 
orVsticks resulted in significant gain3 in achievement oji 
lition and subtraction algorithms and ideas of base and 
r Iace Value. After testing primary-grade children on ^ 
two-digit addition examples, Brownell (1928) concluded , 
that thorough understanding based on the manipulation of ^ 
* concrete materials resulted in an easier transition to v< « 
abstract work. v " - 
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However, Gibb (1956) reported that although children per- 
formed poorest on problems pres^ted in an abstract, con- 
text, they performed better on subtraction examples pre- 
sented in a semiconcrete context than on. exan^pl^s presented 
with concrete materials., Njeverthelessi she noted that 
children 0 had less difficulty solving problems when £tjpy 
could manipulate objects w,ith which" the problems Here • * 
directly associated than when they had f to solve the prob- * 
lems entirely oti a verbal, abstract basis. However, Moser 
CI 980) found that jmqst successful" problem solvers used 
physical materials, .even when- they probably "cpuld 'have \ised 
more sophisticated strategfes,. ' , * , ^ 

/Delaying tlj^use of symbols while providing much work 
with materials seemed particularly important for i^Jter 
tfctitevers. (I^mrick, 1979). 4 , , 



What is the. 
role of drill 
in teaching 
addition and 
subtraction? 



What. types ' 
>fl -of errors do 
pupils- 
** commonly / 
make? 



Prior ..to the 1930s, much research was done on the effective- 
ness of various types of drill, often isolated from other 

• instruction or even .the ^primary.mode of instruction. For 
instance, Kixight "( 1927) and Wilson (1930) reported on pfo^ ' 
grams of drill in whichrthe distribution 6t practice on 
basic facts was carefully planned — no facts were 
neglected, but more difficult combinations were emphasized. 

• Accuracy has been and is accepted as a, goal In mathematics, ; 
and it is in an attempt to meet this goal that drill is 

, stressed. The back-to-the-basics movement promoted acoG-, 
racy, and thu9 drill-oriented instruction, to a .preeminent 
goal. . 

-.However, many studies have shown \ that drill per se is not 
effective in /developing mathematical concepts. For 

' instance, programs stressing relationships and generaliza- 
tions among the addition-and subtraction- combinations 

" were found to be preferable for developing understanding 
.and- the ability to> transfer. # 

Brdwnell and Chazal (1935) summarized -their research work 

• " with third graders' by stating that. drill must be preceded 
t by* meaningful instruct ion . tfhe -t^pe^ of thinking which is 

developed andrthe child T s facility wi/h tHe process of 
thinking is of greater -importance .tljan mere recall,. "Drill 

• in- itself makes little contribution to growth ifi, quanti- 
tative thinking, since it ,fails to supply more mature 
•j^ys of dealing~*with numbers. - 

f : ' . t J lLJ. : I i ' 



» - «-T 

Many studies have identified errors pupils njake*. Lankford^ 
(i*972)jr' using written tests* ofral interviews, and analysis 
'ftf wrixten work, indicated that 'the most frequently found 
" errors were witlv basif'^f acts knd with z$ro f subtracting 
the minuend from the subtrahend, and adding^*- carried 
.number later* • , + . Si-, 

' / "\ . ... •-- 

♦ * % r« 1 



Other research has indicated that regrouping errors in 
addition, and reversing digits in subtraction are tfce most 
common errors, 'along with basic fact errors.; Fai'lure to 
regroup correctly and use of incorrect operations* or 
algorithms are also found frequently (e.g., Engelhardt, 
1977; Brown and Burton, 1978 s ) . 

Cox (1975) reported that 5 percent of the errors ' in addli-* 
tion and 13 percent of the errors in subtraction can be 
clssified as systematic: that 'is, errors that* are consist 
tentiy made. Such k systematic errors are potentially reme- 
diable: first of ,all, teachers must look for patterns i& 
the responses of children having difficulty with computa- 
tional skills. ^Then the task must be analyzed into* its 
Component sub tasks, so that the sub tasks causing the error 
can be retaught* 



Should 

non-paper-and- 
pencil practice 
be provided? 



Many mathematical problems which arise in everyday life 
must be solved without pencil and pa'per. Providing a 
planned program of non-paper-and-pencij. practice on both 
examples and problems has been found to *be effective in 
increasing achievement in addition and subtraction, as 
for other topics in the curriculum (e.g., Flourhoy, 1954). 
Other researchers have suggested that certain "thinking 
strategies" especially suited to such ^practice should be 
taught. For instance, 1 a left-to-right approach fo finding 
the sum or difference is useful, rather than .the right- to- 
left approach used in the written algorithm. "Rounding," 
using the principle of compensation, and renaming are 
also helpful. Increased understanding of the process may 
result., s . f ^ 



Should 
children 
"check" their 
answers? - 



if 



The answers which research has provided to this question 
are noJt in total agreement. We encourage chdldreii to 
cKeck their work, since we belieye that checking, contrib- 
utes to greater accuracy. There is some research evidence 
to support this belief. , 

However, Grossnickle (1938) reported data which should be 
considered as, we teach. He analyzed the work of 174 third 
graders whd-used addition to check subtraction answers. 
He found that pupils frequently "forced the check," that 
is, made the sums agree without actually adding; in many 
cas^s, checking was perfunctory. 'Generally, there. was 
only a chance difference between the mean accuracy of the 
group of pupils when they checked and their mean accuracy 
when' they did not check. , 

What does this, indicate to teachers? Obviously, children 
must? understand the purpose Of cHecking — and what they . 
must do if the solution 'in the check does not agree with 
the original solution. ' With the increasing use of hand- 
held calCulatbrs, it- is imperative that children^ attain $ 
thJLs understanding. 
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Using Research: A Key to Elementary School Mathematics 




MULTIPLICATION AND DIVISION WITH WHOLE NUMBERS 



How should 
children be 
encouraged 
to l6arn 
the basic 
multiplication 
facts? . 



At an appropriate time, in the teaming sequence, it is 
desirable that children strive to achieve immediate recall 
of basic multiplication- facts. About 60% of the 9-year- 
olds and over 90%. pf the 13-year-olds knew basic multipli- 
cation facts' on the 1977 -78 'National Assessment (.Carpenter 
fet al., 1981). 

Findings* from a comprehensive investigation with children * 
in grades 3 tp 5 byBrownell and' Carper (1943) suggested 
that activities and experiences which contribute to pupils 1 ' 
unditstanding. of £he mathematical nature of multiplication 
should precede work which . focuses ort memorization of fcacts. 

Teachers know ,that the number of specific basic fadts to. 
be memorized is -reduced substantially if pupils are able 
to apply relevant properties of multiplication. Thus, 
learning that '4 x 3 ="12 should-not be distinct from 
learning that 3x4=' 12^ knowing that /_/ x 0 - 0 and 
/ / x 1 a / , / makes it unnecessary 'to learn specific 
instances of those properties. , ' 

Ascertaining the relative difficulty -of the multiplication t 
facts* was once a matter of greatf interest.*' Little common- 
ality of levels of difficulty was evident among the studies 
except on two .points: (1) combinations involving 0 pre^ 
sented difficultly'; .(2)" the size -of the product was posi- 
tively rel&fed to. dif f iculty** - 

In his analysis, of data on difficulty levels, Jerman (1970) 
reported 'that students appeared to^ use different strate- 
gies for different 'ihuit*i^l4cation< combinations" and^at 
the strategy used jmay be a^function of the combination 
itself.' Strategies used in grade 3 appeared to be the 
tones used for .the same combinations in grade, 6 in 72% of 
the cases. Thornton (1978). affirmed the usefull*^ x>f ^ 
learning thinking strategies for *t£e >asic* facts Jf>and . 
Rathmel'l (1978) proposed activities for teaching .such 
thinking strategies for multiplication as 'skip counting, , 
• repeated addition, splitting the product infcdjcnown parts, 
facts of 5, and patterns. * * . " 

' ' : 'v..- \- - 
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Investigations pertaining tb^the. relative difficulty of 
open multiplication and division sentences «have been 
conducted by Grouws and Good (1976) and by McMast^r_(1976) . 
Findings parallel those from analogous investigations suro=r, 
marized earlier for open addition and subtraction sentences : 
the form of the sentence, the size of the numbers, and the 
position of the placeholder. Not surprisingly^ division 
sentences were more difficult than multiplication sentences, 



How should Multiplication of whole numbers is often conceptualized 

multiplication for children in terms of combining equal-sized groups and 
be * the addition of equal addends. For instance, "4 x 7" has 

conceptualized been interpreted as "4 groups of 7" and "7 + 7 4- 7 + 7" . 
for children? Some research k has investigated tlie feasibility of using 

j other conceptualizations of multiplication. At the third- 

grade level, Schell (1964) compared the achievement of 
pupils who used rectangular array representations exclu- 
sively for their introductory work with multiplication 
" with that of pupils who used a variety of representations. 

He found no conclusive evidence of a difference in achieve- 
^ merit levels. 

A comparison ^f^repeated addition and an approach using 
ordered pairs of numbers was conducted by Tietz (1969). 
They, too, appeared to be equally effective. Hervey 
(1966) compared equal addends and* "Cartesian-product 
approaches. . Second-grade pupils found equal-addends prob- 
lems easier to conceptualize and solve than Cartesian- « 
product problems. 



Is attention- to We know 3 x (4 + 7) = (3*x ,4) + t3 7) . This is an 
distributivity instance of the distributive' property of multiplication 
helpful in over addition which (in one form or another) is used to 

early work with some extent in many programs of mathematics instruction, 
multiplication? Specific instances of this property often are illustrated 
witti arrays. 



From a study with third-grade pupils' and their beginning 
work with multiplication, Gray (1965) found that an empha- 
sis upon' distributivity led to ^better transfer and reten- 
. % ' tion than an approach that did not includk work with this 

* property. 'The superiority' was statistically significant 
o -on three of four measures: a postt^st of transfer ability,, 

a retention test of multiplication achievement, and a 
retention test of transfer. On-^he remaining measure — 
a posttest of multiplication achievement — ^children who 
had worked with distributivity scored higher than those 
f \ who had not, but the difference was not statistically v 

V rt * . ' significant. ' n 

"\ * * • ' * 

l • * >Gray f & findings /■added support to the evidence on "advan- 

tages to be expected from instfuction^which emphasizes 
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mathematical meaning and understanding. The "pay-off" 
may not always be particularly evident in terms of the 
achievement immediately following instruction. Rather, 
the pay-off is much more clearly evjjdent in relation to 
factors such as comprehension, transfer, and retention. 
Thus,* Johnston (1978) found a significant correlation 
between distributivity scores and success on later work 
with two- and three-digit multiplication. * , 

However,. in a recent survey in grades ^through 7, Weaver 
(1973) found that pupils could not use distributivity 4 in 
solving examples varied in context, form, format, and 
number/ Hobbs* (1976) found a similar lack in his inves- 
tigation,, which was based on -structured interviews with 
individual pupils in grade 5. This suggests that more 
emphasis must be- placed on this property if we are to 
expect a "pay-off." 



What 

multiplication 
algorithms 
have been found 
to be 

effective? 

V 



3 4 



•1 * 8 



■ 34 / 
x 27 



— T ; - : 

Hazekamp (1977) found that when multiplication was taught 
with an emphasis on grouping and base ideas, .greater 
achievement resulted for fourth graders than when the 
emphasis was oq place-value representations. 

On the basis of multiple criteria, Schrank^er (196^)' also 
Evaluated the relative effectiveness of two algorithms 
for teaching multiplication ttsr "fourth-grade pupils. He 
concluded that algorithms using general ideas based on 'the 
structure of the number system were more successful than 
other algorthims investigated din achieving the objectives 
of increased computational skills, understanding of pro- 
cesses, and problem-solving abilities associated with the 
mtlttipj.icatiorr „of whole numbers between 9 and 100. 

Hughes and Burns (197,5) investigated the teaching of mul- 
tid'igit multiplication to fourth graders Rising the lattice 
method .and the distributive method. The groups using the • 
lattice Daethod were ablW to compute multidigit multiplica- 
tion exercises in significantly less time and more accu*- 
rately- than groups 'using the distributive method. (Whether 
or not the time to draw the lattices was included in the 
test time is unspecified.) No significaat differences on 6 
tests of understanding of multiplication yere found. 

Other forms of a multiplication algorithm, involving less - 
memorization and more paper-and-pencil recording, are 
reported effective with low afcl^ievers. . ^ 



Two algorithms for division are used in many elementary 
school mathematics programs. One is often called t;he dis- 
tributive algorithm: 

• * f 

23J 552 First think 

46' ^'s in 5?' 

92 
etc. 

The other« is a multiplicative and subtractive approach to 
the division algorithm: 



23/ 552 

230 .10 x 23 # 
322 

230 10 x 23 

92 
etc. 

In one^ investigation comparing use of the distributive and 
subtractive algorithms, Van Engen and Gibb (1956) reported 
that there were some advantages for each. They evaluated 
pupil achievement in terms of understanding the process of 
division, transfer of learning, retention, and problem- 
solving achievement. Aihong their conclusions were: 

(1) ' Low-ability children taught the subtractive-^ 

algorithm had a better understanding of the pro-^ 
> cess or idea of .division than low-ability chil- 
dren taught the distributive algorithm. 

(2) Children taught jthe distributive algorithm 
achiWed higher problem-solving scores. 

(3) Use of the subtractive algorithm was more%ffec- 
A tive in enabling children to transfer to unfa- * 

miliar- but similar situations. h ^ frJ 



(4) "The twtj algorithms appeared to be equally effec- 
tive on meas ures of retention of skill and under- 
standingi^fchis seems to be more related to 
teaching ^^fccedures, regardless of the algorithm 
used • 4Ht 



Kratzer and Willoughby (1973) prepared two instructional 
units, both involving meaningful instruction. One used 
the .distributive algorithm and the other used the subtrac- 
tive algorithm, each as a method of keeping records whil6 
manipulating bundles of ^sticks. No significant differ-* 
ences between, the algorithms were found on fourth graders' 
achievement of familiar problems on immediate or retention 
tests. There wa^, however, a significant difference 
between the algorithms on achievement of unfamiliar 
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problems on both types of 'test: those using the distribu- 
tive approach displayed a better understanding of the^pro- 
cess* Jones (1976) did ntft support this latter conclusion, 
but he jiid fipd that those iising the distributive algorithm 
had higher computation scores. *~ 

Dilley (1970) also compared "the teaching o£^fvisipn of 
grade 4 Using the distributive algorithm and the subtrac- 
tive algorithm. Significant differences were found *t>n 
an applications test favoring # use of the. subtract^ve 
algorithm, and on a retention test favoring the distribu- 
tive algorithm. ' 




, Rousseau (1972) 
rithms based on varied 



In another study with fourth 
studied the effect of -f our 

foundations: (1) mathematical, based on the distr-f&ntive 
property, of , division over addition; '(2) real-world, based 
on the physical act of f "quotitioiApg" ; (3) *teal-world, 
based on the physical act of partitioning; and (4) rote, 
based on the memorization of routines. No significant 
differences in retention of algorithms were found. For 
extensions to cases of slightly greater difficulty, the 
rote .algorithm was superior. For problems of greater dif- 
ficulty, however, the quotitive and distributive algorithms 
' erV better than the rote and partitive algorithms. 



Thus, there appear to be some advantages for each algo- 
rithm. The needs of individual pupils must be considered 
in deciding which algorithm to use. 



What is the' 
^jnost effective 

method of 

teaching pupils- 

to estimate 
"quotient 

digits? v 



Inefficient algorithms need to be shortened to gain profi- 
ciency ih division. Then pupils must be able to estimate 
.quotient digits systematically* Several methods have been 
^advocated i (1) the "apparent" or ''round -down" method, in. 
which^the divisor is rounded to the next lower multiple of 
10; and (2T^^e^increase-by-one" methods, in which the 
divisor is rounded td^the^next higher multiple of 10, (a) 
either "round -both-ways," dep^nding^on whether the digit 
in units 1 place is less or greater thatr-5^_or \b) "round- 
up," no matter what* Which method do you user - _ 





apparent 
' or 
round - 
down 


incre 

round- 
up 


>ase-by-one, 

round- 
both ways 




42)216 


4)11 ' 


5F21. 


4l2l 




47)216 


5 j ' 4 ; 4 

4)21 5)21 5X21 
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To resolve the issue of which method isi>est, researchers 
have focused on analysis and comparison of the success of 
each method on a specified population of division examples* 
Hartung (1957) .critically reviewed such analytic studies. * 
He concluded that "round-up" was the mos.t useful method, 
because of the advantages of obtaining an estimate that 
is less than the true quotient (which decreased the need 
for erasing), aitfPtrecause of the relative simplicity of a 
"one-rule" method. % * 

In one "of the few experimental investigations on this 
topic, Grossrflckle (1937) studied the achievement of 
groups taught by "round -down" and "round-both-ways." He 
concluded that there were no significant differences 
between the scores of the two groups. 

How children apply the method was studied 'by Flournoy* 
(1959), who found that "round-both-*j£ys" was used as effec- 
tively as the "round-down" method. She stressed that per- fc 
haps not all children should be taught the "round-both-ways" 
method. Carter (1960) reported that pupils taught this 
method were not as accurate as those^ taught a one-rule 
method — nor did pupils always use, the method taught. 



What is the 
difficulty 
level ' 
of division? 



Little research has been done on the difficulty level of 
the basic division facts; however, we do know that by age 
13, 81% responded correctly on the National Assessment 
(Carpenter et al. , 1981). Great attention was given in 
the 1940s to the difficulties inherent in the algorithm 
and much df it still seems relevant. Osburn (1946) noted 
41 levels of difficulty for division examples with two- 
digit divisors and one-digit quotients. Pupils 1 , ability 
to divide with two-figure divisors has been found to 
involve a considerable variety of skills varying widely 
indif ficulty (Browrielf, 1953; Brueckner andMelbye, 1940) 
Examples in whi ch the apparent, quotient is the tr*e quo- 
tient (as' in 43) 92 ) &re' Xof course) much easier than 
those requiring correcting (such as 43|81 TV with diffi- 
culty increasing ag the number of digits in the quotient 
increases. 
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What is ttfe 
role of 
measurement 
and partition 
situations - 
in" teaching 
division? 



Measurement problems involve situations such as: 
* * • 

*If each boy is to receive 3 apples, how many boys 
can share 1*2 apples? (Find the number of equiva- 
lent subsets.) * 0 1 

Partition problems .involve Situations' like this: 

If there are 4 boys to share 12 apples equally , 
how many will each boy receive? (Find the number 
of elements in each equivalent subset.) 

.' 1 • 

• si : 
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v In a study Vfith .second graders {chosen since children at- 
' thia level have usually had little experience with divi- 
sion which would interact with the teaching inj the research 
Study), Gunderson (*1953) reported that problem6\ involving 
partition situations were* more id if ficult* thaif problems 
inyolvlng^Tneasurement situations. The ease ok visualiz- 
ing the measurement situation probably contributes to - s 
this". For "instance, 'for the illustration abov^, a picture 
like this could formed:. 





For the partition situation, the* drawing might be: 



b..b..p..:&ti<?~£ a <? »■ & t 1» 



and so 



V 



et.of tangible £^ 

* * * 



Zweng (1964) also found that partition problem^ were * , 
"significantly more difficult, for second graders than 
^measurement problems She* further repotted that' problems 
in which two sets of tangible objects were specified, were 
easier than those in which only: ort€ 
.objects was specif ied^^ ^ 

In the "study in which they compared two^uivisipn algo- 
rithms, Van Engen anc^ Gibb „(1956) found* that children 
who usecjjythe^ distributive alg<yf thm had glreat'er' success, 
with partition situations, while thosfe* wtKruSed *tne- sub- 
# . tractive algorithm had greater succ^s* wffch, measurement • , 
situatioAs. i 

' ^Taking oneiptep more, Scott ,(1963) used the subtractive 
algorithm for measurement situations *&nd the distributive 

-^algorithm for partition situations.^ He suggested that: 
(f) use of the two algorithms was not too diffiqtilt for 
third-grade children; (2) two algorithms' demanded no more^ 

, teaching time^than only one algorithm; .and (3) children 
taught/ both algprithms had a greater understanding .of * 
division.' , , K - ^ * 

Bechtel and Weaver (197 v 5) used structured interviews with' 
second-grade children to ascertain ways in which they 
manipulated objects t^solve measurements and partitive ; 
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{jrobl^m situations prior to" forlf^Lnst ruction on divi- 
sion v The findings confirmed tha^^hese situations are 
conceptually' dif ferent for young children and. suggested. . 
that §^stem§tic instruction should be designed accordingly. 

They^also, found that; problem^ situations' -with npn-zero , 
remainders we^e no mo^e difficult for children to cdpe* 
with than wei^e problem situations with zerq remainders' 
.suggesting that no sharp dichotomy sjjojild be made between 
,such instances when providing pre-division experiences * in 
an instructional program. \ * B 
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Using Research: A Key to Elementary School Mathematics 



RATIONAL NUMBERS: FRACTIONS AND DECIMALS 



V 



Since several interpretations of the above words are possible, let's clarify 
how we're using them* We shall use the word fraction to refer to a number : 

^ • a 

a number 'that may be expressed in the form where a and _b are whole num- 

\ ] * 

'bet's and b ? 0. The word decimal will be used to refer to a particular 
kind of fraction:, one that is expressed in our familiar positional place- 
value notation, with th% implicit denominator being some power of 10« 

Assessment data indicate that children ^do not achieve as well with fractions 
and decimals a£ they d6 with whole ^numbers, * Thus, o£ the 1977-78 National 
Assessment (Carpenter- et "al. , ilJjrt): p * - 

• About one-third of the 13-year-o$ds could m . 
add 3/4 and V/2i . 

• About one-half could add' 3. 57 and J...2. 



\ 

ients 



Many studenbs apparently did nc^t understand 
"the concepts involved in work with fractions 
-and decimals.* - > / * 

, : ( ■ • * . 




Can* young 

children 

learn 

fractidnal 
concepts? 



4? 



ERIC 
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We have found from surveys 6f-what children know ^bout 
mathematics' upon entering school that at least 50$ can 
recogiiJLz^ halves, fcpurthsj and thirds, and have, acquired 
some facility in u^ing ,these fractions. * Campbell (1975) 
surveyed fiv^-, w six~, and* seven-year-olds on their under- 
standing- of tt%e fractions^ one-half , ..one-third, and one- 
fourth, prior Go formal instmiatioa; The children ^co^sis--^ 

e tdhtly showed' a higher levjft. of understanding of "fraction 
of a whole" than of "fraction of a set" or "division" 
'interpretations. * More evidence of understanding, was 
shbwi^Ahen cohcrete .mater^ls were used rather ,than'semi- 

*concre£e representations. v Guncierson and Guncferson (195*7) 

. interviewed 22*second graders following their initial . 

, experience with a lesson on 'fractional p'arts of circles. 
The investigators concluded' that fractions ,cDuld be intro-^ 4 * 
ducfed at ttiis gracfe Level, :with thtf use- of manipulative , 
materials and. through oral work with no symbols? used. 

.■*«•-'/,, <v A ■ ■ J . • . ' , 

^Sensiin- (1971) reported thkt area, set-subset, and combi-^ * 
"nation representations for introducing rational number ^ V_ 
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concepts appeared' to be equally effective on tests con- 
taining ^tems consistent with the experimental instruc- 
tion. However >. the combination treatment produced 4 a 
higher level of .generalization to a number-line model-. 

Kieren (197 6-) has intensively studied thre ^various inter- 
pretations' of fractions: both the number of interpreta- 
tiQns and our ^ack of understanding of them have resulted 
in difficulties -f or ^students.- As the interpretations are 
clarified, instructional approaches will presumably 
become more 'evident. * 



[eta 



A planned, systematic -program for de^lloping fractional 
ideas seems 'essential as readiness for work with symbols. 
Furthermore, the use of manipulative material^ appears 
vital in this preparation and is still imperative in v 
work on operations with fractions with older children. 



What sequence 
should be u£ed 
in teaching 
fractions? 



Investigators have focused on this question in, varying 
f ways. Novillis (1976) for* instance, developed* a hier- 
* 4. archy with 23 steps. Eighteen of these were found to be 
appropriate; that is, they depended on previously learned 
ideas. For example, associating fractions wi£h part- 
whole and part-groi)p* models were prerequisite to associ- ^ 
•ating a fraction with'a point on a. number line. Another 
-hierarchy was forinulated by JJprichard and Phillips (1977). 
. » * » , 

Bohan (1971) tried, three approaches to teaching skills and 
concepts related to equivalent fractions in grade five. 
He found that approaches in „which equivalent fractions 
were introduced with tjhe aid. of diagrams and sets of 
objects, followed by addition and then multiplication,, 
% resulted in higher achievement than an approach in which 
multiplication with fractions was taught first, then 
applied to equivalent 'fractions, followed fey addition. 

|«« ♦ 

Four approaches to teaching comparison of fractions were 
investigated by Choate (1975): ■ (1) pupils, were taught a 
rule, wltshout .conceptual development; (2) the rule was 
developed meaningfully; (3) conceptual work for comparing 
fractions using .diagrams preceded presentation of the ♦ 
rule; and (A) only the conceptual work wa's included, with 
no algorithmic work. He concluded, "The crucial consid- 
etation is £he t>£me of presentation "of the algorithm in t 
' relation to the conceptual development." He suggested 
that the third approach, with conceptual work preceding 
presentation of the .rule, would provide the strongest ^ \ 
. f base. - t ^ ' ^ \ 

In another study, Ellerb'ruch (1976) found that 'the rule- 
first approaqh appeared to be better on* skill items, but 
the model-first conceptual approach was better for under- 
standing. A suggested sequence for teaching fraction 
ideas was also developed (Ellerbruch and Payne, 1978). 
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*What_ procedures 
are effective 
in work with 
addition and" 
subtraction 
with fractions? 



There is little evidence on tfie ef f ectiveness of proce- 
dures for finding the ^common denominator in addition with 
fractions, and even^ less* f or subtraction with fr&ctions. 
Anderson (1966) analyzed errors made by 26 'fifth-grade 
classes using two procedures for finding the least common 
denominator when adding tw,o "unlike 11 fractions: by set- 
ting up rows of equivalent fractions, and by factoring 
the denominators. There were no significant differences 
between the two procedures on tests of four kinds of addi- 
tion with fractions examples. Furthermore, Anderson* 
reported that errors connected with (1) "reducing, 11 
(2) determining the numerator, and (3) addition occurred 
most 'frequently, with the greatest frequency of error in 
examples in which the^J.east common denominator was not 
apparent ♦ / \ fc 

\ ) * . . • • 

Fifth graders, who were taught either the factoring method 
or the "inspection" mefchod used in a textbook series were 
compared by Bat-haee (1969). Those taught by the factor- 
ing method scored 'significantly higher on the experimental 
posttests. 



Howard (L950) reported on a s£udy*with pupils in grades 5 
and 6 wht8* were taught addition of fractions by three 
methods differing in the amount of emphasis on meaning, 
usdLof materials^ and; practice. Pupils retained better 
when they learned fractional work through extensive use 
of materials and with considerable emphasis on meaning, ~ 
plus provision for practice^ Other researchers also 
strongly support the importance of using meaningful 
methods and materials for work with fractions. It may 
not be ^necessary for children to handle' materials, noted 
Bisio (197 1) . He conducted a studjr on addition apd'sub-^ 
tractibn of like fractions with fifth graders, and found 
that having pupils watch the teacher use manipulative 
materials was -as effective as using materials themselves 
and better' than non-use of materials. " 

• , \ 
Carney (1973) taught four classes of fourth 'graders to 
add and subtract fractions, using 30 lessons based on # 
field postulates and other ^properties,- and /taught four 
other classes 30 lessons based on objects and the ndmber 
line. The approach using the field v postulates' and other 
properties was mpre* effective than the object^and-number- 
line approach. 

' In another study with fourth graders,' Coburn (1974) 
reported ^hat, while achievement on some concepts related 

*to equivalent fractions was comparable for the two grottos, 
students using the region apprpach achieved signif icantl7 
better on afdding and subtracting, unlike fractions ario^oji 
some retentidn and attitude measures. , m ' 
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Hqw cgn we 
most 

effectively 



develop 

the algorithm 
for ' , 

multiplication 
with fractions? 



Surprisifigly little research has been done on- this ^ques- 
tion. It may be that it seems to present less difficulty* 
to teachers: frequently, such topics receive less atten-* 
^Jtion_from researcher s . 

■ « » 

The use of -two different approaches for teaching mi^ltipli- 
catlon with fractions in grade 5 was investigated' by Green 
(1970) • An approach based on the area of a rectangular 
region was more effective than one based on f inding # a 
fractional part of a fegion or set. Each approach was 
studied in relation to two different modes oi representa- 
tion (diagrams and cardboard strips); the "area 11 apprpach 
taught with diagrams was most successful, the "fractional 
part" < approach taught with cardboard stripy was second, 
and the "fractional part" approach taught with diagrams . „. 
was poorest • , 



Much of the other research on multiplication with frac- 
tions has involved the use of programmed instruction: 
the purpose of the investigation was to compare various 
programming strategies, while fractions served merely as 
the content vehicle (e.g., Kyte and Fornwalt, 1967; 
Miller, 1964). * 

DiVincenzo (1979) reported that teaching all four opera- 
tions with fractions simultaneously (in sixth grade) was 
more effective* than, teaching them separately. No one • 
else has exploded this point, however. . 



4 1 

Much more attention has been given to this question — one 
which" teachers frequently ask. , 



What algorithm 
shall we use 
for division 
with fractions? 



v 



common 
denominator 



2 
4 



I 

2. 



3 V* 2 
4*4 

3 



3 *' 2 



4 
3 



4^ 
2 



1 



3 

2 -i 



inversion 



3 * 1 . 3 2 
4*2*4 X I 



Bergen (^66) prepared booklets designed to teach pupils 

by cfomplex-fraction, common denominator, or ^inversion * 

algorithms, but each was significantly superior to the o 

common denominator algorithm on most types of" examples, 

a finding supported by SjfeLth (L979)'.' Bergen concluded 

th^t division of fractiore should be introduced by the 

complex-.fraction method, with, the inversion method saved | ! 

Jis a useful rshortcut to facilitate tapid calculations. / 
. • ' r * ' i 

* •* ' r *• 

Teaching the common denominator ^nd inversion algorithms 

with and without explarfatipn of the reciprocal principle 
as the rationale behind inversion* was, compared oy Sluser 
(1963)/ Tbe group given the explanation scored lower on 
tests of division with fractitjns than a group-merely 
taught? to invert and , multiply . He suggested that- only . 
aboVe-average pupils could understand the principle.. How- 
ever, a large percentage o*f % errors occyrred bec£us£ 
pupils performed the wrong pper&tion. Krich (1964) 
reported no significant differences on ^inffiwrfiate post tests 
for pupils taught why the- Inversion procedure works, as 
compared with, those merely taught the rul»e. On retention 
testes requiring recall, however, the. grbup taught with 
meaning scored significantly higher. # - 



complex 




fraction 




3 


3 1 




i * i = - 


4 
1 




z 


3 2 • 


6 


4 x 1 


4 


1 2 


1 


2 X 1 




6 3 




4 2 • 





S In a study by Capps (1963), the- effectiveness of the com- 
mon denominator and inversion .algorithms wa^alsd compared. 
There* were no significant differences in achievement on 
tests of addition^ subtraction,' and division with frac- 
tions. However, pupils taught the inversion algorithm 
scored signif icantly> higher on immediate posttests and on 
retention tests of multiplication with fractions than did 
those taught the common denominator algorithm. This retro- 

° active ef f ect on multiplication was also reported by s 
Bidwell (1968). He found that the inverse operation pro- 
cedure was most effective* followed by complex fraction 

, and common denominator procedures. The complex fraction* 
procedure was better for retention, while the common denom- 
inator procedure was, poorest. 

' In a further analysis of the three algorithms; Bidwell 
(1971) noted that the common-denominator approach did not 
havp inherent advance organizers toiielp learners move 
from their current level of understanding. Thus, it was 
not as readily learned as the other two methods which had 
such advance organizers. ^ 



Is it Many e.arly studies were concerned primarily with the* spe- 

help<ful to cific errors children make. In general, it was found that, 

analyze errors for all operations with fractions, the major errors were f 
pupils make caused by Q) difficulty with ''reducing, 11 (2) lack of com- 

Wifh fractions? . prehension of the*operation^involved, and (3) computa- 
tional errors. Such findings frequently influenced the 
material included in textbooks. fi 

Another survey xm errors is characterized # by the details 
■tt provides on how-* students Responded. Lankford (1972) 
^ 9 reported the ^incorrect solutions given by seventh graders 
.who were ^interviewed as they attempted various example's 
* with fractions. This information can be very helpful to 
teachers in deciding what to stress as operations with 
, fractions are laught . 

From other interviews with pupils in grade' 6, Pefck and • 
. " Jencks (1981) expressed concern. They folind that the 

children lacked conceptual understanding of fractions. 
They appeared to'/'sift through rules 11 that seeme£, almost 
meaningless to them, to find one that might work. Perusal ^ 
' of the student responses by Lankford strengthens this 

conclusion. * • " 

. : • i 1 

„ Ways of helping children . recognise (and^ then, correct 
"* t* errors) was the focus of some research. Thus, Aftreth - 

* ^ (1958). hkd sixth-grade pupils identify and correct errors. 

. imbedded 10^15" completed sets of examples in addition and 

• subtraction with fractiops^ while a control group wotked 
the examples. No significant differences on either imme- 
v ^ diaC.e or* delayed recall tests were found for addition' with 
fraction^, while some significant differences favoring, the 



p> ^ group working the examples were founc} for subtraction with 

fractions. Tl\e author suggested that having pupils cor- 
, ; _ rect their own errors might be more effective than having 

• ^ them correct imbedded^errors . 

♦ Romberg (1^68) reported that among sixth graders who used 
-a correct algorithm to multiply fractions-, many pupils 
~t either did .not express products in simplest form (as 
" L - directed) __or made errors in doing so. 'He attributed this 
difference to pupils failure to "cancel, 11 -and suggested* 
that the cancellation process is important — even 
essential*-^ if efficiency in multiplication with frac- 
■ ' tions is one of the desired outcomes of -instruction. 

. . • r • ___ 

Is it helpful Because, of increasing use of calculators, attention has 
to relate " been directed to fcjie sequencing of fractions and decimals, 

decimals with Can decimals be taught before fractions, or is the 
fractions or fraction- then-decimal sequence necessary? Research has 

place value? provided some indication of an answer tp this question. 

However, it remains to be studied more carefully with the 

integral use of calculators. 

One indication is found in the stud^by 'Faires (1963). • , 
• " . He introdifced some pupils to decimacs through a sequence 
based, on an orderly extension of place value, with no 
reference to common fraction equivalents, while others 
were taught fractions before decimals, as is usually done. 
Gains in computational achievement and at least as^-good 
, an. understanding of fraction -concepts resulted. Falres 

indicated that "computation with decimals is (^apparently] 
a * » more nearly like computation with whole numbers th^n frac- 

• tions 1 *; thus reinforcement of whole number computational 

• • skills is provided. 



L 



O'Brien (1968) reported t^iat pupils taught decimals with 
an emphasis dn the principles of - numeration," with no 
mention of fractions, scored lower ort tests of computa- 
tion with decimals than those taught/ either (a) the rela- 
tion between decimals and fractions," with secondary empha- 
sis -on principles of numeration, or (h) rules, with no 
mention of fractions or principles of numeration. On 
later retention measures, the numeration approach was 
significant!^ lower than use of the rules approach, but 
not significantly different fro» the fraction-numeration 
approacH. 

With fifth' graders', *Willson (1972) compared the fraction- 
* then~defeimal sequence with the deciipal-then-f raction 
sequence* *No significant "differences in achievement were 
found, although greater jraw-score gains were made by 
those having the dec ftial-then-f raction sequence. Thus, ^ 
it woule appear ^t le'ast .plausible to consider teaching 
decimals before fractions ♦ 
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How should we , Only early studies have considered this question, * 
teach children * Brueckner (J928) and Grossnickle (1941) analyzed the v . 

to place the difficulties with decimals which children have, citing 

decimal point misplacing of the decimal point in division as one of the 
in division m^jor sources of error. Flournoy (1959) compared sixth- ^ 

with decimals? grade classes taught to locate the decimal point in the 

quotient by' (1) making the divisor a whole number by muB- 
'tiplying the dividend by the same number, or (2) subtract- 
s .' ing the number of decimal places in the divisor from the 

numbeir"of places in the dividend. Multiplying, by a power 

of 10 resulted in greater accuracy, as Grossnickle had 

concluded earlier. 



t 
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Using Research: A Key to Elementary School Mathematics 



MEASUREMENT , GEOMETRY, ANB OTHER TOPICS 



Is there 
agreement on 
what $ 

measurement 
and geometry 
content will 
be presented? 



Measurement has long, been accepted as a topic that- Stffould 
be and is taught in the elementary school mathematics pro- 
gram,' largely because of its usefulness in practical sit- 
uations (PRISM, 1981). Geometry has come to f be considered 
by curriculum developers as an important component in the 
elementary school mathematics curriculum more recently. 
However,, the importance of geometry is rtot always apparent 
in" classroom practice One reason for including geometry > 
is that geometric ideas are .used to facilitate some number 
ideas — for instance, in 'developing area representations 
and for work witft a number, line. The teachers and other 
educ^to^s who responded to^the PRISM questionnarie on pre- 
ferences and priorities for school mathematics' in the 1980s 

> gave strong support to three goals which can apply to ele- 
mentary school geometry: to develop logical thinking 

' abilities,, to develop spatial intuitions, ai\jd to Require 
knowledge for future study* « 

Much of the evidence on the content about, measurement aijd^ 
'geometry included in the curriculum comes from textbook 
anaTyses. Thus, Paige and Jennings ,(1967) surveyed 39 
textbook series, sumyariz^ng the measuifcment content. 
They noted that there were few experiences in which stu^- 
dents created their own emits of measure; too little 
emphasis on practical application, and too few problems 
requiring actual measuring* To, determine the^tatus^ of 
geometric ^onterit in theif curricula, Neatrbur (1969) 

t analyzed 16 textbook series "and surveyed 136 middle 
schools. He found £hat while the amount of geometric con- 
tent varied greatly, three times as mudh was included as 
in 1900, with an emphasis on informal gfeometry^ Compart^ 
mentalization of geometric content into two-* and three- 

. dimensional, ideas '.was common. - * > * " 

The 'responses from PRISM (1981) indicate strong support 0 
for four topic's: the metric system, the of m^asure*- 
ment devices, estimation, and the use of^ both standard 
and nonstandard uni£s of measure. For geometry, proper-^ , 
ties A of triangles and rectangles, parallel and peirpendic- 
4 ulat lines, ssymmetry^ and similar figures' were given, 
strong support. y ^ . 



